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Abstract

An important connection between the finite dimensional Gaussian Wick product
and Lebesgue convolution product will be proven first. Then this connection will be
used to prove an important Holder inequality for the norms of Gaussian Wick prod-
ucts, reprove Nelson hypercontractivity inequality, and prove a more general inequality
whose marginal cases are the Holder and Nelson inequalities mentioned before. We will
show that there is a deep connection between the Gaussian Holder inequality and classic
Holder inequality, between the Nelson hypercontractivity and classic Young inequal-
ity with the sharp constant, and between the third more general inequality and an
extension by Lieb of the Young inequality with the best constant. Since the Gaus-
sian probability measure exists even in the infinite dimensional case, the above three
inequalities can be extended, via a classic Fatou’s lemma argument, to the infinite
dimensional framework.

Key words and phrases: Wick product, second quantization operator, convolution prod-
uct, Holder inequality, Young inequality, Lieb inequality, exponential functions.
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1 Introduction

If (Q, F, P) is a probability space and H is a closed subspace of L*(Q, F, P), such that
every element h from H is normally distributed, with mean zero, then H is called a (centered)
Gaussian Hilbert space. If H is a separable Gaussian Hilbert space and F(H) denotes the
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smallest sub-sigma algebra of F, with respect to which all random variables h from H are
measurable, then it was proven in [7] that for any two complex—valued functions ¢ and ¢ in
L*(Q, F(H), P), and any two positive numbers u and v, such that (1/u) + (1/v) = 1, the
Wick product of T'((1/y/u)I)p and I'((1//vI))y, denoted by I'((1/v/u)I)p o T'((1/v/0)I)1,
belongs to L?(Q, F(H), P) and the following inequality holds:

() eer ()¢
where I'(cI) denotes the second quantization operator of ¢ times the identity operator I, for
any complex constant ¢, and || - || the L*norm. The proof was based on the orthogonal
structure of the space L*(Q), F(H), P) (Fock decomposition) and Cauchy-Buniakovski—
Schwarz inequality. The authors of [7] regarded inequality (II) as a Young inequality for
White Noise Analysis, thinking that the Wick product, in the Gaussian case, is an analogue
of the convolution product, from the classic Fourier Analysis. However, after discussing with
other mathematicians, they were convinced that this inequality should be called a Holder
inequality for White Noise Analysis, since the Wick product is an analogue of the classic
product of two series.

The Wick product can be defined not only in the Gaussian case, but also for any prob-
ability measure g on R having finite moments of all orders. In [§] it was proven that for
any probability measure pu, that is not a delta measure (that means whose support does not
reduce to a single point), if 7 > 2 is a fixed number, and v and v are positive numbers, such
that, the inequality

< Alellz - [[#1l2, (1.1)
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holds for any ¢ and ¥ in L"(R, u), we must have:
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Therefore, if one can prove inequality (ILT]), then it is the best inequality that he (she) can
get not only in the Gaussian case, but also for all non—trivial probability measures.

In [9] it was proven, in the Gaussian case, that if u and v are positive numbers, such
that (1/u) + (1/v) = 1, then any two real valued functions ¢ and v in L'(Q, F(H), P), the
Wick product of T'((1/y/u)I)poT((1//v)I)y belongs to LY(Q, F(H), P), and the following
inequality holds:

< ellr - [ (1.4)
1
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In [9] it was also proven, in the Gaussian case, that for any two real valued functions ¢ and
in L>(Q, F(H), P), and any two positive numbers u and v, such that (1/u)+ (1/v) = 1, the
Wick product of I'((1/y/u)l)oT'((1/+4/v)I)1 belongs to L>(Q2, F(H), P), and the following
inequality holds:

Hr (F1)eer (=) wHw < ligloe - 191l (15)



To prove the inequalities (L4) and (L3), the authors proved first a Jensen inequality for
Gaussian Wick products, inspired by the Jensen inequality from [5].

In this paper, we will prove first a lemma that connects the Gaussian Wick product to
the classic convolution product of the Lebesgue measure. We will then use this lemma to
prove the following inequalities.

Let p € [1, oo]. If u and v are positive numbers, such that (1/u)+ (1/v) = 1, then for any
two complex valued functions ¢ and v in LP(Q, F(H), P), the Wick product T'((1/v/u)l)p<
I'((1/4/v)I)y belongs to LP(2, F(H), P), and the following inequality holds:

1 1
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We will show that via the lemma connecting the Gaussian Wick product to the Lebesgue
convolution product, inequality (ILG) reduces to the classic Holder inequality.

Let 1 < p <r < oo. Then for any ¢ in LP(2, F(H) P) and any ¢ in L>*(Q, F(H)
P), T'(vp—1/vr—1)po'(\/r —p/v/r — 1)y belongs to L™ (2, F(H) P) and the following
inequality holds:

—1 —
() ()
r—1 r—1
In particular, if we choose ¢ = 1 (the constant random variable equal to 1), the we get the
classic Nelson hypercontractivity inequality:

(=)

We will show that via the lemma connecting the Gaussian Wick product to the Lebesgue
convolution product, this inequality reduces to the Young inequality with the best constant
proven by Beckner and Brascamp-Lieb in [I] and [2], respectively.

Finally we will prove that if v and v are positive numbers, such that (1/u) + (1/v) = 1,
and p, ¢, and r are in [1, co], such that:

< llellp - 1l (1.6)

p

< el - 19]lco- (1.7)

T

< lellp- (1.8)
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then for any ¢ in LP(Q2, F(H), P) and any ¢ in L9(Q2, F(H), P), T'((1/y/u)I)pol'((1/\/0)I)y
belongs to L" (2, F(H), P), and the following inequality holds:

(&) er (1) ¢
We will show that via the lemma connecting the Gaussian Wick product to the Lebesgue
convolution product, this inequality is connected to the fully generalized Young’s inequality
proven by Lieb in [I0]. See also page 100 of [11].

It is easy to see that (L6 and (7)) are particular cases of (LI0), namely, (LI0) reduces
to (L6]) in the particular case p = ¢ = r, and (L.I0) reduces to (L7) when ¢ = co. In fact,
condition (L.9) tells us that 1/(r — 1) is a convex combination of 1/(p—1) and 1/(¢— 1), and
so, if we assume that p < ¢, then p < r < ¢. If we fix the left-endpoint p, of the interval [p,
q], and let the right-endpoint ¢ vary from p to oo, then inequalities (L6 and (L7) are the

< el - 1¥llg- (1.10)

T
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“marginal” cases of (LI0): ¢ = p and ¢ = oo, respectively. So, one might say that proving
(LI0) makes the proofs of (L) and (L) superfluous. However, we prefer to prove first (IL6),
then (L7), and finally (I.I0), to show how they are connected to the following important
and deep inequalities of classical Analysis: Holder, Young with the sharp constant, and Lieb.
We will also see that as we move from inequality (LG) to (II0), the complexity of the proof
increases more and more.

All the above inequalities are sharp, the equality occurring for some exponential functions.

In section 2, we present a short background of the theory of Gaussian Hilbert spaces. This
background includes the definition of the Wick product and second quantization operator
of a constant times the identity. In section 3 we prove the important lemma connecting the
Gaussian Wick product to the Lebesgue convolution product. Finally in the last section we
prove the main results of this paper.

2 Background

In this section we present a minimal background about Gaussian Wick products and second
quantization operators. The frameworks in which this background can be presented are
many. One can use, for example, Hida’s White Noise Theory (see [6] or [12]), Malliavin
Calculus, the multiple Wiener integrals, a Fock space, or the theory of Gaussian Hilbert
Spaces. All of these theories are leading to the same notion of Wick product. Since we are
not going to use generalized functions, we are going to use the theory of Gaussian Hilbert
Spaces as outlined in [5].

Let (Q, F, P) be a probability space and H a closed subspace of L?(Q, F, P), such
that every element h of H is normally distributed with mean zero. We call H a (centered)
Gaussian Hilbert space. We assume that H is separable. For all non—negative integers n, we
define the space:

F, = {f(h,...,hq) | d>1,h; € Hi=1,...,d, f is polynomial, deg(f) <n},

where deg(f) denotes the degree of the polynomial f. Since the Gaussian random variables
have finite moments of all orders, each space F}, is contained in L*(2, F, P). We have:

C=FRCFCFC--CL*QF,P).
We define now the following spaces: G := Fj and for all n > 1,
Gn = Fn@anlu

where F' denotes the closure of F in L?(Q2, F, P), for any subspace F of L*(Q, F, P). For
each non—negative integer n, we call GG,, the n—th homogenous chaos space generated by H,
and every element ¢ from G,, a homogenous polynomial random wvariable of degree n. We
define the following Hilbert space:

H = EBZO:OGVL

and call it the chaos space generated by H. Let us observe that every random variable from
H is measurable with respect to the sigma—algebra F(H) generated by the elements h from
H. The reciprocal is also true and the following theorem holds (see Theorem 2.6., from page
18, in [5]).



Theorem 2.1
H = LQ(Q,}"(H),P). (2.1)

From now on, because of Theorem 2.1, whatever random variables we will consider, they
will be measurable with respect to F(H).

For every n > 0, we denote by P, the orthogonal projection from H onto G,,. The Wick
product is defined first for any two homogenous polynomial random variables, and then
extended in a bilinear way, as explained below. For any non—negative integers m and n, and
any @ in G,, and ¢ in GG,,, we define:

onw = Pm+n(§0'w)' (2'2)

=" ,fneHandp=>" g, € H, where f, and g, are in G, for all n > 0, then
the Wick product of ¢ and 1, denoted by ¢ ¢ 1, is defined as:

poyY = i[Z(fpogq>]- (2.3)

k=0 Lp+q=k

Of course, there might be problems with the convergence, in the L?-sense, of the series from
the right—hand side of (2.3)), but at least for the case when ¢ and v are polynomial random
variables (i.e., only finitely many f,, and g,, n > 1, are different from zero), the Wick product
p o1 is well-defined.

If ¢ is a fixed complex number, then we define the second quantization operator of cl,
where [ denotes the identity operator of H, by:

[e.9]

D(cl)e = Y fu (2.4)

n=0

for all o =37 fn € H, where f, is in G, for all n > 0. From now we are going to drop
the letter I, and write simply I'(c) instead of I'(cI). It is clear, that if |¢| < 1, we have
['(c)p € H, and the following inequality holds:

Tl < el (2.5)

where || - || denotes the L*-norm. Moreover, as it is shown in [5], Theorem 4.12, page 48,
if ¢ is real and |c¢| < 1, then the second quantization operator I'(¢) has a unique continuous
extension from L'(Q, F(H), P) to L'(Q, F(H), P), that we denote also by I'(c), and this
extension is a bounded linear operator, of operatorial norm equal to 1, from LP(Q, F(H),
P) to L*(Q, F(H), P), for all 1 <p < c0.

The second quantization operators are distributive with respect to the Wick product, in
the following sense:
Lemma 2.2 For all ¢ in C, such that |c| < 1, and all ¢ and ¢ in L*(Q, F(H), P), such
that o © & belongs to L*(Q), F(H), P), we have:

Lle)(poy) = Tle)pol(c)y. (2.6)



The second quantization operators are very important in assuring the convergence of the
Wick product of two random variables, due to the following theorems, from [7] and [9],
respectively.

Theorem 2.3 For any u and v positive numbers, such that (1/u)+(1/v) =1, and for any ¢
and v in L*(Q), F(H), P), the Wick product T'(1/\/u)poT(1/y/v)¢ belongs to L*(Q, F(H),
P), and the following inequality holds:

() ()

Theorem 2.4 For any u and v positive numbers, such that (1/u) + (1/v) = 1, the bilinear
operator T, : L*(Q, F(H), P) x L*(Q, F(H), P) — L*(Q, F(H), P), defined as:

Tou(p) = T (%) ol (%) 0, 2.8)

for any ¢ and  in L*(Q), F(H), P), admits a unique continuous linear extension fu,v from
LYQ, F(H), P) x LY(Q, F(H), P) to L'(Q), F(H), P). Moreover, if ¢ and 1 are real

valued, then we have:
r ! r L
I (72)~r ()

Hr (=)ot (%) wHw < Nllo - 1o (2.10)

In this paper, we will remove the condition “real valued” from the last sentence of the pre-
vious theorem.

< Al - ]2 (2.7)

2

< el - [l (2.9)

1

and

There is an important family of random variables in this theory, that have some beautiful
properties with respect to the Wick product and second quantization operators. These func-
tions are called the (renormalized)exponential random variables, and are defined as follows.
For any £ € H. (where H. denotes the complexification of H), we define the ezponential
function & generated by &, by the formula:

€ == ) %ém, (2.11)
n=0
where £ := €00 ---0& (n times). As a random variable, & can be written as:
Ee(w) = @368, (2.12)
for all w € €2, where:
(f,9) == E[f-gl, (2.13)

for all f and g in H,., and E denotes the expectation. It can be easily seen that & belongs
to LP(Q, F(H), P), for all 1 < p < oo, and all £ in H.. The family of exponential functions
is closed with respect to the Wick product and second quantization operators, as illustrated
by the following lemma (see [6] and [12]).



Lemma 2.5 For all ¢ and n in H., and all ¢ in C, we have:

Eeol = Eepy (2.14)
and

[(c)ée = Ee. (2.15)

Finally, the exponential functions are important in defining the S—transform. If p € L?*(Q,
F(H), P) and £ € H,, then the S—transform of ¢ at £ is defined by the formula:

(S9)(€) = Elp-&l. (2.16)

The S-transform is a unitary operator from L*(Q2, F(H), P) onto a Hilbert space of holo-
morphic functions, which we are not going to describe, since it is not important in this
paper. If one considers the S—transform as an analogue of Fourier or Laplace transforms
from the classic Analysis, then the Wick product becomes automatically an analogue of the
convolution product, due to the following easy to check property.

Lemma 2.6 For any two functions ¢ and ¢ in L*(Q, F(H), P), such that p o1 belongs to
L*(Q), F(H), P), we have:

Slpod) = (S¢)-(59). (2.17)

3 An connection between the Gaussian Wick product
and Lebesgue convolution product

Let d be a fixed positive integer. Let dyz denote the normalized Lebesgue measure on R?,
(1/v/27)%dx, and p the standard Gaussian probability measure on R?, i.e., du = e~ ®%/2d .
IfX,:Q—R, i=1{1 2, ...,d} are independent standard normal random variables, and
F is the sigma-algebra generated by them, then any random variable Y : 2 — C, that is
measurable with respect F, can be written as Y = g(X;, Xs, ..., X,), where g : R? — Cis a
Borel measurable function. From now on we will write g(x) with a lower case z instead of the
upper case X, and do the computations of integrals in terms of the probability distribution
pof X, where X = (X, Xy, ..., Xy). Observe that in terms of distributions, for any
p > 1, the LP norm of a function f(x) with respect to the Gaussian measure p is the same
as the LP norm of f(z)e~®®/(P) with respect to the normalized Lebesgue measure dy.
This simple fact will be used throughout this paper. Everything will be done using the
normalized Lebesgue measure. Throughout this paper, for any p € [1, co], we will denote
by || - ||, and ||| - |||, the LP norms with respect to the Gaussian measure p and normalized
Lebesgue measure dyx, respectively.

We are now presenting a connection between the Gaussian Wick product ¢ and convolu-
tion product * with respect to the normalized Lebesgue measure.

Lemma 3.1 Let u and v be positive numbers, such that: (1/u)+ (1/v) = 1. Then for any
¢ and v in LY(R?, u), we have that T'(1/\/u)p o T'(1/4/0)y belongs to LY(R?, 1) and:

[
- {F<\/1_)SOOF( ) }( 21} )e 7 ), (3.1)




where the convolution product in the left—hand side is computed with respect to the nor-
malized Lebesgue measure dyzx.
We prove first an easier version of this lemma.

Lemma 3.2 Let £ = {1 | ;e =W/2E&&) | p e N¢; € C, & € CLVi € {1,2,...,n}}.
Let w and v be positive numbers, such that (1/u) + (1/v) = 1. For any ¢ and ¢ in £, we

have:
{[F(\/ﬂ)s@} (%) e—%ﬁ”)}*{[p(ﬁ)w] (%) 6_<3,5>}

~ wou (=) 32

In particular, replacing ¢ and ¥ by T'(1/\/u)p and T'(1/y/v), respectively, we obtain that
(31]) holds for any two functions that are linear combinations of exponential functions.

PROOF.  Since both sides of (3:2) are bilinear with respect to ¢ and 1), it is enough to
check the relation for p(z) = &m~1/2&8 and ¢(x) = eM@=0/20M  where ¢ and 7 are
arbitrarily fixed vectors in C%. Indeed, for these functions we have:

(i ()} frms (7)o
_ [e%@,- f%@,@fg’j}*[e%m,»f%mmf >}(x)

)
_ / E(ea—y)- 3O TR e iny) g () - 4L
]Rd

e 2u dNy
_ REm -5~ <N>/ ¢ FUIH(RE T ) gy
R4

%

We now perform the classic trick of completing the square, in the exponential, by subtracting

and adding (1/2)(=(vu/vv)§ + (vVo/vu)n + (1/v)z, =(Vu/ )€ + (Vo/u)n + (1/v)z),
a factor that does not depend on the variable of integration y, and can be taken out of the
integral. Thus, we obtain:

{[wam (<) b {irwmml (=) e

@)= 4 EO—3m = (wa) | 3(-VBEH Yont La—Yeet Yot ix)
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since (o 1))(x) = el&rna=(1/2)(Erntdm) -



A complete proof of Lemma [B.1is the following;:

PROOF. Since & is dense in LY(R?, p), there exist two sequences {f,}n>1 and {g, }n>1 of
elements of &, such that: || f,, —¢ |i— 0 and || g, — ¢ |1— 0, as n — oo. For each n > 1,

we have:
(2] ()
— [F <ﬁ) fool <%) gn} <\/%) e

X (x,x) €T (z,z)
The left-hand side converges to {gp <— e 2 | % || —=)e 2 |, in LY(RY, p), as
Vu Vu

n — oo, by Young inequality for the normalized Lebesgue measure. The right—hand side

converges to [T (ﬁ) pol (%) @Z)} (\/%) e*%, by Lanconelli-Stan inequality, from [9],

about the L' norms for Wick products. O

4 Main results

Theorem 4.1 (Finite dimensional Hélder inequality for Gaussian Wick prod-
ucts.) Letd € N and p € [1, o] be fized. Let u denote the standard Gaussian probability
measure on RY. Let u and v be positive numbers, such that (1/u) + (1/v) = 1. Then for

any ¢ and ¥ in LP(RY, p), T(1/y/u)e o T(1/y/0)y € LP(RY, 1) and the following inequality

e

PROOF. Let p’ be the conjugate of p, i.e., (1/p) + (1/p’) = 1. Let’s multiply both sides of
formula (B.1]) by e(@2)/2Pwv) We get:

1 1 T ) (1-1)
F e F R [ 2uv !
" () eer (8) ] ()
= e o () e e [ () e
B “\Vo v
- ToYY e W | (L) e e ewiiig
L ()55 o () ]2

Let f(z) := o((1/vv)z) exp(=[1/(2pv)|(z, 2)) and g(z) := Y((1/Vu)z)e(=[1/(2pu)|(z, ).

With these notations we get:

{F (%) ol <\%) w} (\/%) o2l

1
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< el - 141l (4.1)
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Putting the modulus in both sides, then introducing it in the integral in the right (triangle
inequality), and then applying the Hélder inequality to the pair (p, p’), we get:

‘ {F <%) set (%) w] (\/%) 5 |
= {/Rd |f(z— y)g(y)|pd1vy} ’ {/Rd (ez;'@im,y;x))p’ dNy} »

< | [ e - wPlawira] 1

=

Let us first raise the last inequality to the power p, then integrate it with respect to x, and
apply Fubini (actually Tonelli) theorem. We obtain:

L[t = Pl Py dxe

= [l | [ 15t = Py dy
= [ ol

= 117113 [ lotw) Py
= WA Mol

Raising both sides of this inequality to the power 1/p, we get:

[ () e ()] ()

1o - Mgl
r P 1/p T
T 20 d . —_—

T P 1/p
= e % e 2w dyx :
/R

Making now the changes of variable: x; := (1/y/uv)z in the integral

Jollr Ga)eer ()] ()

' = (1/y/v)x and 2" := (1/\/u)z in the integrals:

p
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respectively, and dividing both sides by (uv)¥®P) since du = exp(—(x,z)/2)dyx, We get:
1 1
I'l — ' —

() #r ()

Theorem 4.2 (General Holder inequality for Gaussian Wick products.) Let H
be a separable Gaussian Hilbert space, p € [1, 0o], and u and v positive numbers, such that
(1/u)+ (1/v) = 1. Let F(H) be the sigma—algebra generated by the random variables h from
H. Then for any ¢ and ¢ in LP(Q, F(H), P), T'(1//u)p o T(1/y/v)y € L*(Q, F(H), P)
and the following inequality holds:

() ()

PrROOF. Let {e,},>1 be an orthonormal basis of H. Then {e, },>1 is a set of independent,
normally distributed random variables with mean 0 and variance 1. For every d > 1, let
F4 denote the sigma-algebra generated by the random variables ey, es, ..., e4. It is well-
known that every function f from LP(Q, F(H), P) can be approximated in the p norm
by a sequence of functions f, from LP(F,) := LP(2, F,, P), n > 1. This is due to the
fact that the sigma—algebra F(H) is generated by the cylinder sets, and every cylinder set
is in one of the sigma-algebras F,, for some d > 1. There exist two sequences {,}n>1
and {¢,},>1 contained in U,>;LP(F,), such that |¢, — ¢|, = 0 and |[¢, — ¢|, — 0,
as n — o00. These facts imply two things: first ||p,|l, = [l¢ll, and ||¥.ll, — (¢, as
n — oo, and second ¢, — ¢ and ¥, — ¥, in L', as n — oco. We know from [J] that
L(1/vu)e, o T(1/y/0), — T(1/y/u)p o T(1/3/v), in L', as n — oo. Since L' convergence
implies almost sure convergence for a subsequence, working eventually with a subsequence,

we may assume that T'(1/\/u)e, o T(1/y/v)th, — T(1/\/u)p o T(1/4/v)1, almost surely, as

n — oo. Using now Fatou’s lemma and the finite dimensional inequality proven in the

previous theorem, we have:
P 1
- #[r () eor (G|
» Vu

() e (GR)
o fimt (| () oo
e e (- )w(l)n

< el - 141l

p

< el - 141l (4.2)

p

: }
< hm mf {E|enl”] - E [|tn]"]

= [|90| |- E[y["]

= lell} - lo[l5-

|

We are now presenting an interesting connection between the Young inequality with the
best constant, and Nelson hypercontractivity. The Young inequality with the best constant
is the following:

11



Theorem 4.3 Let p, q, r > 1, such that (1/p) + (1/q) = (1/r) + 1. There exists a constant
Cp.qrida > 0, such that, for any f € LP (Rd, dx) and g € L4 (Rd, dx), we have:

[asowra] < G| [@ra] [ [ o@ra] . 0y

The sharp constant Cy g ,.q equals (C,Cy/C)%, where CF = kY JEVF | for any k > 1, where
k' is the conjugate of k.

See [1], [2], or [1I] (Theorem 4.2) for a proof. Let us make the observation that if we
replace the Lebesgue measure dz, on R?, by cdx, where c is any positive constant, then,
by convoluting with respect to cdz, the best constant C, .4 from inequality (4.3]) does
not change. This is due to the fact that the left-hand side of (43]) is multiplied by ¢ -
et/ = (/") while the right-hand side must be multiplied by ¢!/ - ¢'/7 = ¢(/P)+(1/9) " and
fortunately 1+ (1/r) = (1/p) + (1/q). Thus, the inequality (£3]) remains valid, with the
same sharp constant C), .4, even for the normalized Lebesgue measure dyx.

Theorem 4.4 Let d be a fixed natural number. Let p and r be positive numbers such that
1 <p<r. Then for any ¢ in LP(RY, 1) and any ¢ in L=(R?, u), T(v/p—1/v/r—1)po
(/7 —p/r — 1) belongs to L"(R?, 1) and the following inequality holds:

lr (7=2) ]« [ (=5)

In particular, if we choose 1» =1 (the constant random variable equal to 1), then we get the
classic Nelson hypercontractivity inequality:

(=)

< llellp - [#lloo- (4.4)

T

< lellp- (4.5)

T

Proor. Letu:=(r—1)/(p—1)andv:= (r—1)/(r—p). Then we have (1/u)+ (1/v) = 1.
Let p’ and " be the conjugates of p and 7, respectively . Let’s go back to the identity (B.1])
and multiply both sides of that relation by exp(—(z, z)/(2uvr’)). We get:

1 1 T _<296£)> 1_71/
e () )=
. 2(90/,96) X _ (é,x) x _ <Sg,x)
= e2ruww %) % e v | % f(/} ﬁ e w
~ LYY et e g (L) e e
- LG () ]
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Let f(z) := p(z/y/v) exp(—{x,x)/(2pv)). We have:

(e ()
/Rd|f(:c—y)\e (%)

< [ eyl
R4
_{e—va—y) _ vy (z,z)
uwum/dw—y)\.e B
R

_|{e=ye—y) | (wy)  (x,x)
ol [ 18 =)l e [ gy, (4.6
R

IA

Let us observe that the expression:

(r—yx—y) Wy (z1)
2p'v 2u 2r'uv

E(z,y) =

is a perfect square. Indeed, the coefficient of (z, z) in E(z, y) is

1 1

) /
1 /1 1 1
- %(P_F'E)
1 fp—=1 r—1 p-—1
T P oy r—l)
_op—1/1 1
o (5_?)
_p—1 r—p
T 2w pr
_p—1 r—1 r—p 1
B P ror—1 2uv
11
Ty v
B 1
o 2p'T’U2

13



The coefficient of (y, y) in E(z, y) is

¢ = 2u  2p'v
/111
- 5(5*;';)
_1l/p—1 p—1 r—p
B 5(7“—1 D r—l)

o p—1 r
- 2(r—1) p
1 r p—1
2 r—1 P
1, 1
= —.7r . —
2 o
7,,/
Ty
The coefficient of (x, y) is E(z, y) is
1
pv

Thus we have:

E(z,y) = alz,z) +b{z,y) +c(y,y)

1 1 !
= ST T oy + 55w y)
1

= ——(z—r'vy,z —1r'vy).
2p'r'v?

It follows now from (4.0]) that:

1 1 z (z,2) 1
F F y— T 2uv 7
< ||¢||oo/ lf(x—y)|-e — 5oy (e vy —r'vy) dyy.

Let us make the change of variable ¢t := z — y in the last integral. We obtain:
1 ]' i (z,)
F v © F = T 2uvr
[ (\/_)SO (ﬁ)w} (\/@)e
S ”’l/bHOO/ ‘f e 217,7‘,1)2 {L’ r’v(l’*t),xf,r./v(mit)>dNt
— ||"7Z)||oo / |f . Qp/T/UQ ((L=r"v)z+7r"vt,(1—r'v)z+7 Vt) dNt
r'v—1 ¢ ru—1

= e [ 0] e
= HwHoo/ f(0)] - e B {Fatda gy

14



where s := r’v and s is the conjugate of s. Let us observe that the last integral is a
convolution product. Indeed, if we define g(x) := exp(—[r'/(2p))] - (x, x)), then:

(s )M(%) ) ()

. / ()] et (el gy

= o+ 1 0] (1) ,

for all x € R?. Replacing = by s’z, in the last inequality, we obtain:

() ()]G

for all z € R?. Raising this inequality to the power r and integrating with respect to the
normalized Lebesgue measure dyz, we get:
r 1/r
d[qd?}

{/R {F <%) i (%) ﬁj Q;_v) e
< el {/ |<f*g)(x)|rdw} r

Making, the change of variable 2’ := (s’/y/uv)x in the integral from the left, we obtain:

() ()oor G+

S/
The left hand-side is a Gaussian L"-norm, and so, we get:

(5) () oo ()¢

8/
Since r > p, (1/r)+1—(1/p) < 1. Thus there exists ¢ > 1, such that (1/r)+1 = (1/p)+(1/q).
We apply now the Young inequality with the sharp constant, in the right side of (£.9]), and

obtain:
s d/r
( ) bl - (G G/ I - 1o (4.10)

VAN

< llse - [f % gl (2), (4.7)

< llse - MLf > glll - (4.8)

T

< Nlloo - S * gl (4.9)

T

/ d/r
< (=) Wl il

VAN

() eor (55)
N

where C2 = p'/? /p''/?" Since f(z) = ¢(x//v) exp(—(z, )/ (2pv)), it is easy to see that:

Al = (Vo) Plell. (4.11)

Because g(z) := exp(—[r'/(2p')] - (z, )), it is not hard to see that:

; d/q
p
Hllls = ( ?> :

15



Thus, inequality (£.10) becomes:

Hr <%)wr(%)w < ( Z_@)d/f(Cqu/Cr)de/p (\/%d/qsopww-

Therefore, to prove ([d.4]), we just need to show that:

s d/r / d/a
( w—) -<0p0q/cr>d-<ﬁ>d/p-< qp—> _— (1.12)

which (by raising both sides to the power 2/d) is equivalent to:

CzcgsIQ/TP/l/q,Ul/pfl/r

C2ul/rgt/ay/a = L

Since 1/p—1/r=1—1/gand 1 —1/q = 1/¢’, we have to prove that:

03038/2/rp11/qv1/q’ _ 13
C2ul/rqt/ar/a - = (4.13)
Let:
o CI%CqQS/Q/Tpll/q'Ul/ql "
T Cgul/r‘ql/qul/q ) ( )

To prove ([@I3]) we will write u, v, and s in terms of p, ¢, r and their conjugates. We have:

r—1
u g
p—1
r 1—%
= — . 1
p 1—;
o
e
rp’
- 2 4.15
o (1.15)
We also have:
r—1
v ey
r—p
r(1-3)
"G
o1
Py

16



Let’s remember that (1/p) — (1/r) = 1/¢’. Thus, we obtain:

1

T

o Bk B
Q[ S I
3=

~

= L. (4.16)

S
ﬁ\

Finally, we have:

s—1
r'v

rv—1

Replacing v by ¢'/(pr’) we get:

SR L
I
Q=B =
I
Q|
N—

(4.17)

[N I8 =8I

Let us substitute C’;, C’g, C?, u, v, and &, in the formula (£.I4). We have:

05038/2/rp/1/q,01/q’
Cgul/rql/qr/l/q

2 1/q
PP gt /r.pfl/q. FANS
pll/p’ qll/q’ P pr!

LATA (T_ﬂ)l/r -ql/a ./

v pr’

C:

17



Observe that the factors ¢'/9, ¢’*/¢, and 7*/" cancel. Collecting the powers of p, p/, and 77,
we obtain:

1
C = pr v @ .p’ry—? A

O

Passing from the finite dimensional case to the infinite dimensional case, can be done in
the same way as before, using Fatou’s lemma.

We now present a more general Holder inequality. The proof of this inequality uses the
following theorem of Lieb (see [10] or [I1] (page 100)).

Theorem 4.5 Fix k > 1, integers ny, ..., ng and numbers py, ..., pp > 1. Let M > 1 and
let B; (fori=1, ..., k) be a linear mapping from R™ to R%. Let Z : RM — R* be some
fized Gaussian function,

Z(x) = exp[—(z,Jz)]

with J a real, positive-semidefinite M x M matriz (possible zero).
For functions f; in LPi(R™) consider the integral I, and the number Cy:

k
T ) = [ 2@ [] fBa)a (4.18)
Cyz = sup{Iz(fi,-- - fu) | llfilllp; =1 fori=1,... k}. (4.19)

Then Cy is determined by restricting the f’s to be Gaussian functions, i.e.,

Cz = sup{lz(f1,- .-, fi) | [ filllp, = 1 and fi(z) = ¢; exp[—(z, J;z)]
with ¢; > 0, and J; a real, symmetric, positive — de finite n; X n; matriz}.

Corollary 4.6 Let p, ¢, v > 1. Let By and By be linear maps from R? to R?, and J a
real, positive—semidefinite 2 x 2 matriz (possible zero). For f in LP(R?) and g in L1(R?), we
consider the product:

(f *B1,B2s 9) () = /f(Bl(x,y))g(Bz(%y))e_“”“y)"](“’”y”dwy- (4.20)
R
We define:

C = sup{|[lf *5..Bos g1l Il = [lglllg = 13- (4.21)

Then C' is determined by restricting f and g to be Gaussian functions.

18



PrOOF. Let ' be the conjugate of r. For any k > 1, we denote by G the set of Gaussian
functions of L*norm equal to 1. Using the duality between L and L™, Lieb’s theorem, and
Holder inequality, we have:

¢ = swp{lIf *m.m glll- |11l = Ngllly = 1}
==Sup{‘Agf*BMngﬂxﬁdmex|HUﬂb::Mqu=HVﬂmf:1}

= Sup{ //f(Bl(Sﬂyy))g(Bﬂx’y))h(fﬁ)e_«x’y)"](x’y))dNSUdNy
RJR
£l = gl = IRl = 1}
wp{/ﬁ ﬂBmuwMU%@w»M@ow“WMMmMy\fe%yegmhe@}
R JR

sup {[|[f *B,,85.0 gl - [l[Blll+ | f € Gp,g € Gg: h € G}
Sup{|||f*Bl7B2,J g|||7" -1 | f € gpag € gq}

IA

IA

|

Theorem 4.7 (Full Hoélder inequality for Gaussian Hilbert spaces.) Let H be a
separable Gaussian Hilbert space. Let u, v, p, q, and r be numbers greater than 1, such that:

1 1
__|__:1
u v

and

1 1 1
= —. 4.22
u(p—1)+v(q—1) r—1 (422)
Then for all v in LP(QY, F(H), P) and v in LY(Q, F(H), P), T(1/y/u)poT'(1/y/v)1) belongs
to L"(Q, F(H), P) and the following inequality holds:

[T/ Va)e o T/, < el - 1]l (4.23)
Proor. Let p/, ¢, and ' be the conjugates of p, ¢, and r, respectively. Since:
1
-
p—1 p—1

= p/ — 1

and similarly 1/(¢ —1) =¢ — 1, and 1/(r — 1) = v’ — 1, condition (£22) is equivalent to:
1
rr—1 =
r—1
1 1

ap—1) g 1)
= Lt

u

1, 1 , /(1 1

u v u v

1 1
:—-pl+—'q/—1.

u v
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That means, we have:

/

p

/

q /

—+Z = 4.24
T r (4.24)

Following the same steps as before, it is enough to check the inequality in the finite dimen-

sional case. Multiplying both sides of the convolution identity (3.1]) by exp(1/(2uvr’){x, z)),
we obtain:

1 1 T (z,x) 1

P _ F - N T 2uw (177)

() eer (38) 4 (7))

(z,z) T _ (=) _ (=
(@b ()

rT—Yy _(z—y,z—y) _<w—vw y) |: ( Y ) (y,y>:| _L;W (x,z)

— e 2pv e 2p’v 'l/} — 2qu e 294'u . eQT’uvd .

/Rd M NG ) } Va v

Let f(z) := w(z/v/v)exp(=(z,z)/(2pv)) and g(z) = ¢(z/v/u)exp(—(z,z)/(2qu)). We

have:
PG )=

S 1=

Y,T—Y) (y,y) T,T
< / flx—y)le™ 3 |g(y)le” 2 - extivdyy
_Emyz—y) Wy, (=3)
= | a=yl-lgyl-e 7 207 2w vy, (4.25)
R

As before, we are now showing that the expression:

E(z,y) = <f’3_yax—y>+<y,y>_<x,x>

2p'v 2q'u 2r'uv
is a perfect square. Indeed, the coefficient of (x, x) in E(z, y) is
1 1
a =
20v  2r'uv
1 , 7
= r — —
201" U
1 ¢
f @24 = —
rom 2p r'v v
_ ¢\
2p q'r’ v
The coefficient of (y, y) in E(z, y) is
1 n 1
C =
2q'v 2p'v
1 / /
_ rod
200 \u v
1
from (L24) = Sd 7!
_ 1 L2
2p/q/r/

20



The coefficient of (z, y) is E(zx, y) is:

1
b = ——
p'v
1 q
= — =)
p/q/,r./ v
Thus we have:
E(z,y) = < +0(z,y) + c(y,y)

2pq7“ ( ) (%I'TI> <5Evy>+7“'2<y,y>]

_ <q q >
= —x =7y, —r—1'y
2pqr v v

It follows now from (&27) that:

[r(G)eer () ()=

/Rd|f(x—y)l-lg(y)l ¢ e es ") dyy. (4.26)

Claim 1: Foralld > 1, f € LP(R?, dyz), and g € LY(R?, dyy), we have:

[f (@ =yl 19| - Ja(x, y)dny dya " < CUlIFM - Malllg,  (4.27)
Ll J o)

where:
R q/mfr’ -
Jd($, y) = e wdr Yy Yy

and

To prove this claim, we reduce the problem to the one-dimensional case, via Minkowski’s
inequality, copying the argument from [11] (page 201). Namely, let us assume that (£27)
holds for two dimensions d; = m and dy = n. We can prove that (£27) holds for d = m +n,
using Minkowski’s inequality in the form in which the discrete summation is replaced by the
continuous integration, in the following way. Let x = (x,,, z,,) be a generic vector in R™*™,
where x,, and z,, are generic vectors in R™ and R"”, respectively. Let us observe that, for all
T = (T, T,) and ¥y = (Y, yn) in R™T™ we have:

Jm—i—n(xay) = Jm(l‘maym)Jn(xnayn)
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We have:

{/[Rm+n [/Rmﬂ (x—y)|-lg9(y)]|- Jm+n($,y)dNy]rde}l/r
: {/Rm /R U’” M@ = s 2o =) 19 G, )|

X Jern ((xrrm xn)7 (yrm yn>> dNyndNym]r dendem}l/r

< [ AL mtomaa | [ (] 1560 = st = )l ot
X (T, Yn)dANYR)" den]l/r dNym}r dem}l/r(4.28)
r 1/r
< { [ [/ s ) O (o ym,->|||,,-|||g<ym,->|||quym} dem} (4.29)

= L[ vl sl Mot ] s}

< C"-C™I[f1llp - Mglllg 0
= C"I£ - gl

This shows that in order to prove ({.27), it is enough to prove it for the dimension d = 1 only.
To achieve this, since the function (z, y) — [(¢'/v)x —r'y]? is non—negative, according to Lieb
theorem, it is enough to check it for exponential functions of the form f(z) = ¢; exp[—(s/2)x?|
and g(z) = cg exp[—(t/2)x?], where s > 0, t > 0, and ¢; and ¢, are positive constants chosen
such that ||| f|ll, = ll|g||l = 1. Let us first compute the values of ¢; and c;. We have:

1/p
51l = | [ 5 ava]

(let 2’ := \/psz) = L/_/ade]

—= Cl

(\/p_)l/p

Thus, in order to have |||f|||, = 1, we must have:

o = (\/ps)r. (4.31)

e = (Vb (4.32)

Hence, we have:

| r

= (yp5) (\/ﬁ)l/q{/]R {/Re—%(x—y)?e—%y oz (Sery) dNy:| ng;}

(- — y)g(y)e_@'_r'yydjvy

1/r
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Let o = ¢ /(v/P'¢r"), B = r'/\/D'dr, and v := p'/(u\/P'¢r"). Let us observe first that
a+ v = f,since (p'/u) + (¢'/v) = r'". We have:

(- — y)g(y)e*(%"*’”'yydzvy

T

r 1/r
_ (\/ﬁ)l/p(\/q—t)l/q{ / { / e—%(x—y)2e—%y2€—%(aw—6y)2dNy] de}
R R

r 1/r
1/ 1/ MG I I Cics A
= (Vps)"(Vqt) e 2 eT T Y Ydny| dyzy .
R R

In the last integral we make the change of variable ' = /s + ¢+ 52 - y. Completing the
square, we obtain:

(- — y)g(y)e_%"_r/y) QdNy

T

1/ 1/ () s 1 1,2y stas " r
= P | e L

r 1/7"
1 1 s+a? s+ap)? —= —%LL‘ ’
@ﬂ@ﬂ%/k%%mﬁﬁﬁﬂﬁ@ﬁw)miw}.
R R

s+t + (2

Therefore,

(- — y)g(y)ff*(%/'*’”/y)QdNy

T

_ r 1/r
1 1 sto sta
_ps) /p(qt)Q/q / e .
s+t+p R |
_ r 1/r
1/ 1/ (s+a2)(s+t+,82)+(s+aﬂ)2
= —(pS) p(qt)2 ’ / 67 2(s+t+B2) i de
s+t+ 05 R
_ r 1/r
1/ 1/ [s(8—a)24+1a2+st]
_ s e p(qt)zq / e e % | dyz
s+t+ ﬁ R i
1/r
1/ 1/ r<s~/2+ta2+st)
_ et p<qt>2q /e‘W”CQde
s+t 4+ ﬁ R

B \/@S)Up(qt)l/q-\/ (s 4t + p2)Ur

s+t 4 32 Ur(sy? 4+ ta? 4 st)/r

1/pq1/q sl/ptl/a
N ri/r (s +t+ B2V (v2s + a2t + st)V/r”
To finish our proof we need to show that:

{pl/pql/q sl/p¢t/a } _ 11

oteo | VT (s it BV (325 + aPt + st

§>0,t>0
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Before we compute this supremum, we would like to outline the intuition behind what we are
going to do next. Let us observe that the numerator s'/P¢t!/9, being a product, is somehow
like a geometric mean, while the factors from the denominator (s+t+3?) and (y2s+a?t+st),
being sums, are like arithmetic means. We know from the inequality between the geometric
and arithmetic means of positive numbers, that the geometric mean is always dominated by
the arithmetic mean, and this classic inequality is based on the concavity of the logarithmic
function.

Let S := (pv)s and T := (qu)t. We have:

pl/pql/q Sl/ptl/q

P (st B2V (425 + ot + st/
1 Sl/p 1 Tl/q

p'/rgte ) 77> g
rl/r 1 1 ) 1/r! -2 o2 1 1/r
(p—U-S+q—u-T+B-1> (p—v-5+q—u-T+pqw-ST>
1 S1/pt/q
oyttt 1 1 ) 1/ 2 o2 1 1/r’ (4.34)
(ﬁ-s+q—u-T+ﬁ-1> (ﬁ-5+q—u-T+mw-ST>
Let us observe that:
1 1
—+—+p = 1 (4.35)
pv qu
Indeed, we have:
1 1 1 1 r
— 4+ — 62 - _
pv o qu pv qu p'q
1,1, b
o oqu P
1 1 1 1
pv qu qu  p
1/1 1 1/1 1
= —(-+=)+-(=-+>
VA\p P u\q (g
1 1
= —.14+—--1
v U
= 1.
Let us also observe that:
2 a2 1 1
rooe . - — (4.36)
pU QU pquY uor
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Indeed, we have:

uvr’ | pu qu
_ 1.‘M@—1x+wm—1q
uvr’ | pu qu
1 1 1
e’ Lu(p—1) v(q-l)]
B 1 1
N uv'r/('r—l)"r—l
1
= —

We go back to the denominator of formula (4.34]) and apply the Jensen inequality for the
strictly concave downward function L(x) = In(x). From (435]) we conclude that:

m(i~5+i~T+ﬁ~Q z-lmwywimwwwﬁm@
pv qu pv qu

— In (Sl/(pv)Tl/(qU)) )

Exponentiating both sides of this inequality and then rasing them to the power 1/r', we
obtain:

1 1 e : :
(_ S4+— T+ 5% 1) > Y wer')pt/(qur’), (4.37)
pv qu
Formula (A36]) shows that in order to obtain a convex combination in the sum:
2 2
Los+ T4
pv qu pquv
we need first to multiply it by K := uvr. After doing this, applying again the strict concavity
of the function In, we obtain:

- ST

,}/2 &2 1 72 &2
In(K— S+ K= - T+K— ST| > KL-In(S)+K—In(T)+K
pv qu pquv pv qu pquv

K+? | K Ko?2 | K
= In (S pv T pque T au +pquv) .

In(ST)
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This inequality is equivalent to:

2 2 yr 2 o2
(l . S _|_ O{_ . T + 1 . ST) Z K]i/ SI;ZT +quu<vrTI¢§ur +pql7jvr
pU qu pPquUU r
1 L"/2+L M+L
— WS p "pa [ qa " pa, (4.38)

Going now back to the formula (4.34]) and using the inequalities (4.37) and (4.38)), we obtain:

pt/rgt/a sl/pl/a
Pl (st + B2V (125 + a2t + st)V/7
1 S1/pt/q
T Wi 1 1 ) 1/ 42 o2 1 1/r
(p—U-S+q—U-T+5-1> <ﬁ-5+q—u-T+mw-ST>
1 S1/pt/q
vY/pyt/apl/r ’ Sl/(pvr’)Tl/(qur’)( 1)1/r S(uv?)/p+1/(pa) T'(va?)/q+1/(pg)

The exponent of S in the denominator of the last fraction is:

P 1 171 p 1
/ //+_ = _/+_'T/
pur upqr pq pr v uq q
1 '1 / 1 / /
R Dy
pri v ug g \u v
1 [1 "1 1 "1
()]
prl v u \¢ ¢ v oq
1 [1 ! ! 1
S Hq_(l__/)}
pr’ v v q
171 9o ¢ 1
“wlv e v v
1 /
= ]?-T
1
p

Similarly, the exponent of 7" in the denominator of the same fraction is 1/q. Hence, for all
s, t > 0, we have:
1/p 1 1/ps1 1/p1
gt st/rgie S1m—1/p) (1 r—jg) ST
i/ (st + BV (s + oPt + stV T Si/rT/a
— W/m)=/p),, (1/r)=(1/q) (4.39)

N

The equality in (439) holds if and only if S = T = 1, due to the strict concavity of the
function y = In(z). This is equivalent to s = 1/(pv) and ¢t = 1/(qu), since S = (pv)s and
T = (qu)t. Thus, we have:

pt/Pgl/a . sl/pl/a
ri/r (s 4t + B2V (25 4 ot 4 st)r

sup

} _ WD =(/p) (/1) ~(1)a)
s>0,t>0
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Going back to the inequality ([4.20), we conclude that:

(L)oo () ) () o)

o (dprn g r Lr
L L=l e 6 s =gy | a
R R

(e a] "] (25)

This inequality is equivalent to:

(uv)_zir {/]Rd {F (\%ﬂ) ool (\1};—;) 1/1] (\/%) re—?;?de}l/r
LG 4 ()

Making now the changes of variable 2’ := 2:/y/uv in the left, and z; := z/y/v and 25 := x/y/u
in the right, and moving back to the Gaussian norms, we obtain:

() ()

To prove the inequality in the infinite dimensional case we proceed in the following way. Let
H be a separable Gaussian Hilbert space. Let {e,},>1 be an orthonormal basis of centered
Gaussian random variables from H. For all d > 1, let

S =

IN

q 1/q
_{zz)
ez dyx i

q 1/q
_{za)
e 2w dyx )

< lelly - 19flq

T

Hd = Cel@Ceg@---@Ced.

Let Fy := F(Hy), i.e., the smallest sigma—algebra with respect to which ey, ey, ..., €4
are measurable. If ¢ € LP(Q), F(H), P) and ¢ € LY, F(H), P), and if we denote the
conditional expectations of ¢ and 1, with respect to Fy, by ¢, and 1,4, respectively, i.e.,
wq = Elp | F4] and ¢4 := E | F4l, then it is not hard to see that:

E(1/Vu)e | Fa] = T(1/Vu)pa, (4.40)

EL(1/Vo)g | Fa) = T(1/Vv)ia, (4.41)

and

E[L(1/Va)p o T(L/Vo | Fil = T(L/va)eqo T(1/Vo)ba. (4.42)

Since {F4}a>1 is an increasing family of sigma-algebras and the sigma-algebra generated by
them is F(H ), using the Martingale Convergence Theorem we conclude that:

EL(1/Vu)poT(1/vu)b | Fal — T(1/vu)eoT(1/vv)y,
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E[¢|fd] - Y,
and
E[’l/}‘fd] — w7

as d — 0o, both almost surely and in L'(Q2, F(H), P). Using now the fact that the result
is true in the finite dimensional case and Fatou’s Lemma as before, we conclude that:

[T/ Ve o TNV, < el - 1],
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