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ABSTRACT. In the paper I considered linear and antilinear mappings of fi-
nite dimensional algebra over complex field, as well I considered involution. I
considered also an example of C*-algebra.

CONTENTS
1. Preface. . . . . . . o 1
2. Conventions . . . . . . . .. . 2
3. C-algebra . . . . . . e 2
4. Linear Mapping of C-algebra . . . . . . ... .. ... ... ...... 4
5. Antilinear Mapping of C-algebra . . . . . . ... .. ... ... .... 6
6. Morphism of Algebra . . . . . . ... 8
7. Linear Automorphism of Quaternion Algebra . . . . . . ... ... .. 11
8. Ring with Conjugation . . . . . . .. .. .. ... . 14
9. Linear Mapping of Algebra with Conjugation . . . ... ... ... .. 17
10. Antilinear Homomorphism of Dx-Algebra . . . . . . .. ... .. ... 19
11. Involution of Banach D-algebra . . . . ... ... ... ... ..... 22
12. C*-algebra . . . . . .. . L 23
13. Example of Involution . . . . . . .. .. ... oo 24
14. References . . . . . . . . .. 26
150 Index . . . . . oL 27
16. Special Symbols and Notations . . . . . .. .. ... ... ... .... 28

1. PREFACE

Since I have been studying calculus in Banach algebra, it is difficult to ignore
C*-algebra which is a tool in quantum mechanics. However, before considering
particular statements, I need to understand the structure of the linear mapping of
C*-algebra. This caused to write this paper.

However there exist different algebras where conjugation is defined. For this
reason, I decided not restrict myself by considering of complex field. Considering
of linear and antilinear mappings of algebra with conjugation turned out to be
different from the concept, which I considered in [4]. Tt is attractive to find a
statement similar to statement that we can expand additive mapping of complex
field into sum of linear and antilinear mappings. Such statement would be a bridge
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between the results in [4] and this paper. However, there is reason to believe that
in general this is not true.

This means that, in general, consideration of the conjugation is not enough for
the complete classification of linear maps. However, this classification is important
to understand the structure of closed differential form in Banach algebra.

2. CONVENTIONS

(1) Let A be free finite dimensional algebra. Considering expansion of element
of algebra A relative basis € we use the same root letter to denote this
element and its coordinates. However we do not use vector notation in
algebra. In expression a2, it is not clear whether this is component of
expansion of element a relative basis, or this is operation a? = aa. To
make text clearer we use separate color for index of element of algebra. For
instance,

a= aié,;

(2) If free finite dimensional algebra has unit, then we identify the vector of
basis €y with unit of algebra.

(3) Although the algebra is a free module over some ring, we do not use the
vector notation to write elements of algebra. In the case when I consider
the matrix of coordinates of element of algebra, I will use vector notation
to write corresponding element. In order to avoid ambiguity when I use
conjugation, I denote a™ element conjugated to element a.

(4) Without a doubt, the reader may have questions, comments, objections. I
will appreciate any response.

3. C-ALGEBRA

Considered below construction is based on the construction considered in section
[3]-5. In this paper, we will use notation offered in this section.
Let C be complex field. Let ec

(3.1) eco=1 eci1=1
be the basis of algebra C over real field R. Product in algebra C'is defined according
to rule
(3.2) 520.1 = —€c.0
According to the theorem [3]-3.1, structural constants of complex field C' over real
field R have form

Coly=1 Col = 1

(3.3)
Coly=1 €9, =1

According to definition [4]-2.2.1, C-algebra A is C-vector space. Let eac be a
C-basis of finite dimensional C-algebra A. The product in C-algebra A is defined
by equation
(3.4) eac-ktac = Cac. 1 faci
where CAC'Z’ are structural constants of C-algebra A over the field C.

I will consider the C-algebra A as direct sum of algebras C. Each item of sum
I identify with vector of basis eac . Accordingly, I can consider C-algebra A as
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algebra over field R. Let €4 be basis of C-algebra A over the field R. Index of
basis €4 consists from two indexes: index of fiber and index of vector of basis
€c in fiber.

I will identify vector of basis €4¢.; with unit in corresponding fiber. Then
(3.5) €AR-ji = €C.jE€AC-i

The product of vectors of basis €4 has form

_ _ _ _ _ _ _ b —
(3.6) €AR jiCAR-mk = €C.j€AC-i€C-meack = Cc.§ec.aCac.iac s
(3.7) €AR-00 CAR-ki = CAR-ki

(3.8) €AR-10 EAR-1i = —€AR.0i

Because CAC-?k € C , then expansion CAC-?k € C relative to basis - has form

(3.9) CAC-?k = OAC'?ISEC-C
We can represent transformation f using matrix f,f?
i ij ki
(3.10) a = fila

fOJ 01_|_f03 1
o'l = fly 01+f13 11

We can represent ¢ € C' in following form

(3.11)

(3.12) ¢c=c"€aro0 + ¢ €ar10
(3.13) ¢ =c"€ar00 — ¢ €ar10
From equations (3.7), (3.8), (3.12), it follows

(3.14) (ca)” = ca" — c'a'’
(3.15) (ca)'" = c"a*" + cta"

Theorem 3.1. Structural constants of C-algebra A over real field R have form

-0b b0
OAR~»07 0k — = Cac-ik

0b b0
Car- 571, = —CAC 4
0b
OAR'-Oi-lk - _OAC'ik
0b bl
OAR'.li.Ok - _OAC~' k

(3.16)
Car 3= Cac.ty

-1 —
CAR'-li-Ok = CAC'ik

1b bl
OAR~.0i.0k - CAC- i

-1b b1
OAR'»li)-lk = OAC ;

Proof. According to equations [3]-(5.3), [3]-(5.5), structural constants of algebra
A over field R have form

(317) OAR Ji- mk CC _]mOC II(CAC

_ fO bl
Cac.t=Cacliec.c =Cac.?) + Caclli


http://arxiv.org/PS_cache/arxiv/pdf/0909/0909.0855v5.pdf#equation.English.5.3
http://arxiv.org/PS_cache/arxiv/pdf/0909/0909.0855v5.pdf#equation.English.5.5

4 Aleks Kleyn

From equations (3.3), (3.17), it follows that

Car- 3= Cc.3,,Cc.00Cact + Cc.},,Co.01Cac b
(3.18) - CC'?mCAC'?Ig - CC~Jl-mCAc.Z%
Car ik = Cc-jmCo100ac-i + Cc.3mCc.01Cac i
= CojmCac i + Co§Cac
From equations (3.3), (3.18), it follows that
Car.0f.0n = Cc-00Cac.5i — Co60Cac-i
Car. 31, =Cc.01Cact) — Co.1,Cacl)
Car 071, = Cc.01Cacl — Cc.6:Cac.y)

0b  _ 0 b0 1 bl
CAR'-li-Okz = OC'lOOAC'ikz - OC'lOCAC'ikz

(3.19) Car 21, =Cc.5:Cact) + Cc.5,Caclt
Car1for = Cci0Cac. 2y + Cc8oCac.fi
Car67.0n= Cc-boCac-iy + Cc.00Cac ik
Car-1%ap=Co11Cacly + Co.0,Cac )
(3.16) follows from equations (3.3), (3.19). O
From the equation (3.16), it follows that
Car- 0% or =—Car %1, = Cacl
(3.20) Car'0fap = Car o, =—Cacl
Car$l1,= Caritlon= Cacl)
Carlon ==—Cari1. = Cacl}

4. LINEAR MAPPING OF C-ALGEBRA
Definition 4.1. The mapping of C-vector spaces
f:A — Ay
is called C-linear if
(4.1) flca)=cf(a) c€eC a€cA
O

Theorem 4.2 (The Cauchy-Riemann equations). Matrixz of linear mapping of C-
vector spaces

f : Al — A2
ik _ pik _jm
satisfies relationship
0j _  p1j
08 — Jaid

(4.2) . .
ol =—f11
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Proof. From equations (3.11), (3.14), (3.15) , it follows that
(f(ca)™ = f57 (ca)®" + f)](ca)™*

(4.3) gf(coam ctalt) + 29 (ati + cta)
OJ 907 fOJ 1 17—|—fffc°a17+f03 1,0t

(f(ca)™ = fo] (ca)® + f] (ca)"
(4.4) _ (}f(coao’“ cl 1z)+flg(coalz+cla0z)
130 a9% flj 1 17+f130 17+f13 1,04
From equations (4.1), (3.11), (3.12), (3.14), (3.15) , it follows that
(cf(a))™ = c*(f(a))” — c*(f(a))"
(4.5) —c ( OJ Oz+f0.7 11,)_ 1( 15 O'L+f1.7 17)

_ OfOJ Oz+COf0J 17_clf1] 07 _ 1flg 14

(cf(a)? = c"(f(a))" +c*(f(a)™
(4.6) _ ( 1.7 Oz+f1.7 11) ( OJ O'L+f0.7 17)
_ oflg 01,_|_COf1] 1z_|_clf03 01+01f03 14

From equations (4.1), (4.3), (4.5) , it follows that

fOJ 0,04 fOJ 1,14 fOJ 0,1t fOJ 1,04
(4.7)

_COfOJ 03 —|—cOfOJ 14 _ lelg 07 __ 1f1.7 14
From equations (4.1), (4.4), (4.6) , it follows that

13007 f13117+f1301z+f13107

(4.8)

_coflj 0 4 cofla L leOJ 0i 4 clfOJ 14
Since c¢*, a** are arbitrary, then the equation (4.2) follows from equations (4.7),
(4.8). O

Theorem 4.3. Let e;c be C-basis of C-vector space A;, i = 1, 2. Let e be
corresponding R-basis of C-vector space A;. The matriz of linear mapping

f : A1 — A2
has form
OJ 07 0% 15, .14
= f lx{" — T
(49) 2 0z 1 07 1

- gt st
relative bases €1r, ear and has form

. - . i i
(4.10) xy = flay f] = fol + foli

relative bases €ic, €ac
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Proof. Since the mapping f is R-linear mapping, then relative basis €ir, €2r
mapping f has form

Oﬂi 0j 01 07,.14
foi®1" + fii a1

_ £17,0¢ 15,.14
vy = fol ol + filx]

The equation (4.9) follows from equations (4.2), (4.11). The equation (4.10) follows
from equation (4. 9) and comparing equations

(4.11)

OJ 0% 1i:\ _ 07, 04 1_7 11 15 07 0_7 1%
(fo + foli) (@l + aiti) = folalt — + (foi@i" + fol 1")i
0j 15 01 OJ 01 15 .14
oi ~Joi L i1 — Joi T
1j 0j 14 13 01 03 17

0i 03 Zy 0i T1" + foi

O

The theorem 4.2 describes the structure of C-linear mapping of C-algebra A.
However, there exist R-linear mappings of C-algebra A, which are not C-linear
mappings.

5. ANTILINEAR MAPPING OF C-ALGEBRA

Definition 5.1. Morphism of C-vector spaces
(5.1) I:zeC—zteC f:A — A
is called antilinear mapping.’ 0
Theorem 5.2. Let the mapping of C-vector spaces

fiA — A
be antilinear mapping. Then
(5.2) flca)=c"f(a) ceC a€A

Proof. According to construction in section [4]-1.5, the mapping I is morphism
of R-algebra C. The equation (5.2) follows from the definition [5]-2.2.2, and the
equation [5]-(2.2.4). O
If ¢ € R, then

f(ca) = cf(a)
because ¢ = ¢*. Therefore, antilinear mapping of C-algebra A is R-linear mapping.
Theorem 5.3 (The Cauchy-Riemann equations). Matriz of antilinear mapping of
C-vector spaces

f : Al — A2

yzk’ _ f;,:n$7m

satisfies relationship

()J _ f

03 _ 1j
1: — Joi

(5.3)

IThere is similar definition in [7], p. 234.
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Proof. From equations (3.11), (3.14), (3.15) , it follows
(f(ca)) = f5! (ca)®" + f1] (ca)"’

(5.4) gf(coam ctalt) + 29 (ati + cta)
OJ 907 fOJ 1 17—|—fffc°a17+f03 1,0t

(f(ca)) = fo] (ca)" + fi] (ca) "
(5.5) _ (}f(coao’“ cl 1z)+flg(coalz+cla0z)
130 a9% flj 1 17+f130 17+f13 1,04
From equations (5.2), (3.11), (3.13), (3.14), (3.15) , it follows
(e f(a))” = c*(f(a)® +c'(f(a))"
(5.6) ZCO( 0j 07+f03 17)+c ( 1.7 07+f13 11)
_ OfOJ 07+Cof03 1'L+le1.7 01+01f13 14
O (f(a)'? = c'(f(a))”

CO( 15 07+f13 17)_ ( OJ 07+f03 11)
_ ofla 01+Cof13 11,_le03 07 __ 1f03 14

(e fa))™

(5.7)

From equations (5.2), (5.4), (5.6) , it follows

fOJ 0,04 fOJ 1,14 fOJ 0,1t fOJ 1,04
(5.8)
_COfOJ 01_|_Cof03 1z+01f13 OZ—FlelJ 14

From equations (5.2), (5.5), (5.7) , it follows

13007 f13117+f1301z+f13107

(5.9)

_COflj 01 +C0f1'7 18 _ . fOJ 0i _ fOJ 14
Since c¢*, a** are arbitrary, then the equation (5.3) follows from equations (5.8),
(5.9). 0

Theorem 5.4. Let e;c be C-basis of C-vector space A;, i = 1, 2. Let e be
corresponding R-basis of C-vector space A;. The matriz of antilinear mapping

f : A1 — A2
has form
15, .14
f 0j 07 +f T
(5.10) ’ 2 v
1723 = 0113459Z - ofx%l

relative to bases €1, ear and has form
(5.11) x%:fij_[oxi JToz=7z* ff: (?34-]‘831

relative to bases €ic, €ac
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Proof. Since the mapping f is R-linear mapping, then relative to bases €i1r, €2r
mapping f has form

Oﬂi 0j 01 07,.14
foi®1" + fii a1

_ £17,0¢ 15,.14
vy = fol ol + filx]

The equation (5.10) follows from equations (5.3), (5.12). The equation (5.11) follows
from the equation (5.10) and comparing of equations

(5.12)

0 0i 1iy
( fm i)l (1517 + zl Z) ( ‘|’ fm i) (@) — w1"i)
0 1 1 0
— J 07 + f();,]x%l ( O:x(lh _ 07‘7,@%7)1

0j 1j i 0 1

0%’7 0;:7 )’ _ 33301 + fo; Jx 17

1 09 14 1 04 0 1

03 —foi " offcll - 0er'1517

6. MORPHISM OF ALGEBRA

In this section, we consider algebra A over ring D. According to construction
that was done in subsections [5]-4.4.2, [5]-4.4.3, a diagram of representations of D-
algebra has form

D4 Ly fro(d) :T— do
(6.1) %f fas(@) :w— C(v,w)
D C e L(A%A)

On the diagram of representations (6.1), D is ring, A is Abelian group. We initially
consider the vertical representation, and then we consider the horizontal represen-
tation. We assume that A is free Dx-module ([1], p. 135). Therefore, vectors of
basis € of Dx-module A are linear independent. Bilinear mapping

C:AxA—= A
has following representation relative basis e
(6.2) Cw,w) = Cliv'w'e,

According to the theorem [5]-4.4.1, bilinear mapping C generates product in Dx-
algebra A

(6.3) C(v,w) =vw
and coordinates of bilinear mapping C relative to the basis € are structural constants
of this product.

Theorem 6.1. Let diagram of representations

Dl —fii Al ﬁf; A1 f1.1’2(d) 0= dv

(64) %fl&,z f1-2,3(5) W — 61 (57 E)
D, Chre L(AT; 4y)
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describe Dix-algebra Ay. Let diagram of representations

fa1,2 f2.2,3

Dy ——> Ay —+> Agy f2.172(d) :v—dv
(65) ,Ff241,2 f2-2,3(5) W — 62(57 E)
Dy Cy e L(A3; Ag)

describe Dox-algebra As. Morphism? of Dix-algebra A, into Dox-algebra As
r:D1— Dy To: Al — Ay

is Dx-linear mapping of Di%-algebra Ay into Dox-algebra As such that

(6.6) To(ab) = To(@)T2(b)

Proof. According to equation [5]-(4.2.3), morphism (r1,72) of representation fi 2
satisfies to the equation

T2(f11,2(d)(@)) = f2.1,2(r1(d))(T2(@))
To(d@) = r1(d)T2(a)

Therefore, the mapping (r1,T2) is D-linear mapping.
According to equation [5]-(4.2.3), the morphism (72,72) of representation fa 3
satisfies to the equation®

(6.8) T2(f12,3(82)(@3)) = f22,3(T2(a2))(T2(@3))

From equations (6.8), (6.4), (6.5), it follows that

(6.9) 72(C1(T,W)) = C2(F2(7), T2(W))

Equation (6.6) follows from equations (6.9), (6.3). O

(6.7)

Definition 6.2. The morphism of representations of Dix-algebra A; into Dox-
algebra As is called Dx-linear homomorphism of Dix-algebra A; into Dox-
algebra As. O

Theorem 6.3. Let e, be the basis of Dix-algebra A;. Let €5 be the basis of Dox-al-
gebra Ay. Then linear homomorphism® (r1,72) of Dix-algebra Ay into Daox-algebra
Ao has presentation

=r1(a)*wro* s = 1 (a?)ra.t Ea.y
(6.10) 1(a)*ra* s 1( )23 2

(=l <

=r(a)*.r2
relative to selected bases. Here

e a is coordinate matriz of vector @ relative the basis €.

2In the remark [2]-4.4.5, T show that, when we study linear mapping, the choice of mapping

r1 may be limited to mapping
ri:D—=D ri(d)=d

However, in the section 10, I consider antilinear mapping of the algebra. That is why I wrote
theorems in this section so that we can compare these theorems with theorems in section 10.

3Since in diagrams of representations (6.4), (6.5), supports of Qs-algebra and Qz-algebra
coincide, then morphisms of representations on levels 2 and 3 coincide also.

4This theorem is similar to the theorem [2]-4.4.3.
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e b is coordinate matriz of vector

b=T7(a)
relative the basis 5.
e 1y is coordinate matriz of set of vectors (To(€1.)) relative the basis €.
The matrix r9 is called matrix of linear homomorphism relative bases
21 and es.
Proof. Vector @ € A; has expansion
a = a**él
relative to the basis ;. Vector b € A, has expansion
(6.11) b="b"2
relative to the basis es.
Since (r1,T2) is a linear homomorphism, then from (6.7), it follows that

(6.12) b=T73(@) = T2(a*s&1) = r1(a)*.T2(e1)
where
ri(a)
ri(a) =
r1(a™)

Ta(€1.;) is also a vector of Dx-module A and has expansion

(6.13) To(€1.4) = 12" 48 = 7.7 €,

relative to basis e;. Combining (6.12) and (6.13) we get

(6.14) b=ri(a)*ra* 8

(6.10) follows from comparison of (6.11) and (6.14) and theorem [2]-4.3.3. O

Theorem 6.4. Let €1 be the basis of Dix-algebra Ay. Let € be the basis of Dox-
algebra As. If the mapping 1 is injection, then there is relation between the matriz
of linear homomorphism and structural constants

(6.15) 7"1(01-'{?,')7”2-1’!; = 7”2-f7”2-gc2~;3q
Proof. Let
a,be Ay a=a"e1 b=0b".7

From equations (6.2), (6.3), (6.4), it follows that

(6.16) ab=a't/C, Fers
From equations (6.7), (6.16), it follows that
(617) 72(65) =7 (Ol_/iéjaibj)72(§l_k)

Since the mapping r; is homomorphism of rings, then from equation (6.17), it
follows that

(618) To (EE) =17 (Cl,li‘?j)’l“l (ai)rl (b‘] )72 (El»k)
From the theorem 6.3 and the equation (6.18), it follows that
(619) 72(65) = Tl(Cl,f’j)Tl (ai)rl (bj)TQ,LEQ.[
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From the equation (6.6) and the theorem 6.3, it follows that

(6.20) To(@h) = Ta(@)T2(b) = r1(a")ry.] €21 (7)ra. E2g

From equations (6.2), (6.3), (6.5), (6.20), it follows that

(6.21) To(@b) = 1 (ai)TQ,frl (bj)TQ,‘;-CQ_i,q €9.1

From equations (6.19), (6.21), it follows that

(6.22) o] (Cl_ij)rl (a)r (b7)ry Eoy = 11 (ai)r2_f7“1 (bj)T‘Q_?CQ_i)q €9.1

The equation (6.15) follows from the equation (6.22), because vectors of basis &, are
linear independent, and a*, b* (and therefore, r1(a*), r1(b*)) are arbitrary values.
(]

7. LINEAR AUTOMORPHISM OF QUATERNION ALGEBRA

Determining of coordinates of linear automorphism is not a simple task. In
this section we consider example of nontrivial linear automorphism of quaternion
algebra.

Theorem 7.1. Coordinates of linear automorphism of quaternion algebra satisfy
to the system of equations

1_.2.3 3.2 .1 _.23_ .32 .1_.2.3 3.2
Ty =TSTS —TSTS Ty =TATY —Tary Ty =TT — rirs

2 _ 3.1 1,3 .2 _ 3.1 1,3 .2 _ .31 1,.3

(7.1) Ty =TaT3 —Tal'3 Ty =T33y —T3ly T3 =TT —TiT3
ri =rird —rird rd =riri —rir] rd=riri —rir}

Proof. According to the theorems [4]-3.3.1, 6.4, linear automorphism of quaternion
algebra satisfies to equations

rh = ’I“O’I“Ocl rh = TorlCl L= 1"01"20[ rh = ’I“O’I“3Cl
rl =} rOCl —rbh =7} rlCl rh =1} rzCl —rh =7} rSC’
(7.2)
rh = rzroCl —rh = rzrlCl —rl = rzrzCl Ty = rzrgCl
rh = ’I“3’I“Ocl rh = ’I“3’I“10l —rl = ’I“3’I“20l —rh = ’I“3’I“3Cl
From the equation (7.2), it follows that
rl = rorlC’ = 7‘27‘3Cl ror! Cl = rorlC’ rzrgCl = —T‘ZT‘SCL
I _ I _ 1 I _ 1 1 _ _paol
(73) b =riricl, =ririC), ririCl, =ririCL, rEiriCL, = —ririCl,
1 _ I _ 1 acl _ 1 I _ _,poapi
ry =roriClL, =ririClL, roriCL, =ririC., ririC,, rir5Cq,
(7.4) rh =riraCh, = —ririCL = —rbriCl = —riricC!
. 0 —'0'0%Ypg — 1’1 272 - 3'3%pgqg
If I = 0, then from the equation
0 _ 0
Cpq - qu
it follows that
p.a~0 _ P a0
(7.5) 7 Chy =1,1;Cq,
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From the equation (7.3) for I = 0 and the equation (7.5), it follows that
(7.6) ) =r)=r) =0
If 1=1,2,3, then we can write the equation (7.3) in the following form
rt =rbr?Cly +r3rtCl, +rgr?CL, +rbreCl,
ror?Cly +rortCl, + rgrbCL, +rhreCl,
=ror?CL, +ririCly +rgrbCl, + rhrect,
i=1,2,3
rl = rgrl-Cél + TLTQC’LLO + Tng?C’l p+ r,gr‘-’C,lm
(7.7) rpriCly + ) Cly + i CLy, +rpri G,
=—rriCly —rr)Ch — i Gy, — g Cl,
i=1 k=2 j=3
i=2 k=3 j=1
i=3 k=1 j=2
O<a<b a#l b#I

From equations (7.7), (7.6) and equations
Ch=Cly=1
(78) ol lO l
C.,=-C,.
it follows that
rt=rdrt 4+ rgrlCl, —rireCt,
rort +rgrbCt, —rhrect,

=rrl —r§r?CL, +r5reCl,

1=1,2,3
rt —rkrbClb — Tkr“C'l
(79) Tk gOl b — ,rk,racrl

=ry JC’lb—rkr“C'l
i=1 k=2 j=3
1=2 k=3 j=1
i=3 k=1 j=2
O<a<b a#l b#I
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From equations (7.9) it follows that

1 _..0,l
r; =TT;

rgri? — 1"87"? =0
i=1,2,3

(7.10) rl = rkrbC’ b— Tkr“Cl
i=1 k=2 j=3
1=2 k=3 j5=
1=3 k=1 j=2

O<a<b a#l b#I

From the equation (7.10) it follows that

(7.11) rg =1

From the equation (7.4) for I = 0, it follows that

0_ .00 1,1 2,2 3.3
To =ToTo —ToTo —ToTo —ToTo

(712) T R
i=1,2,3
From equations (7.6), (7.10), (7.12), it follows that

0=riry +rird +rory
(7.13) 1=rlrl 40272 4 p3p2

i=1,2,3

From equations (7.13) it follows that®
(7.14) ro=ri=r5 =0
From the equation (7.4) for I > 0, it follows that

ro =r6r0Cly + 1016 Ch, + r615CL, + 1org
=—rlp0Cl, —roricl, —rerbCl, —rbrecl,
(7.15)
>0

I>0 0<a<b a#l b#l
5Here7 we rely on the fact that quaternion algebra is defined over real field. If we consider

quaternion algebra over complex field, then the equation (7.13) defines a cone in the complex
space. Correspondingly, we have wider choice of coordinates of linear automorphism.
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Equations (7.15) are identically true by equations (7.6), (7.14), (7.8). From equa-
tions (7.14), (7.10), it follows that

r; =

(7.16) i=2 k=3 j=1

I _ a bl b,.anl
TijOab — LTy C.,

=3 k=1 j=2
l>0 0<a<b a#l b#l

Equations (7.1) follow from equations (7.16). O
Example 7.2. It is evident that coordinates
r; = 5;-
satisfy the equation (7.1). It can be verified directly that coordinates of mapping
rg=1 ri=1 ri=1 ri=1

also satisfy the equation (7.1). The matrix of coordinates of this mapping has form

1 00

0 010
T =

0 0 01

0 1 0O

According to the theorem [4]-3.3.4, standard components of the mapping r have
form

1"00:% rll——i r22——% r33_—%
7,10:_% 7“01—% 7“32——% 7“23——i
7,20:_% T.‘il__% 7“02—% 7“13——%
7“30:—% r21——% T12__% 1"03_%

Therefore, the mapping r has form

r(a) =a” +a%i+a’j+a'k

1
r(a) = Z(a—iai — jaj — kak —ia + ai — kaj — jak
—ja — kai + aj — iak — ka — jai — iaj + ak)

8. RING wiTH CONJUGATION

Let there exist commutative subring F' of ring D such that F # D and ring D is
a free finite dimensional module over the ring F. Let € be the basis of free module
D over ring F. We assume that e, = 1.

Theorem 8.1. The ring D is F-algebra.


http://www.amazon.com/#theorem.English.3.3.4
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Proof. Consider mapping
(8.1) f:DxD—=D abeD—abe D
Since the product is distributive over addition, then
flar + az2,b) = (a1 + a2)b = a1b + a2b = f(a1,b) + f(az2,b)
fla,b1 +b2) = a(by + b2) = aby + aby = f(a,b1) + f(a,bs)
If a € F, then

(8.2)

f(ab,c) = (ab)c = a(bc) = af(b,c)
f(b,ac) = b(ac) = (ba)c = (ab)e = a(be) = af(b,c)
From equations (8.2), (8.3), it follows that the mapping f is bilinear mapping over

(8.3)

the ring F. According to the definition [4]-2.2.1, the ring D is F-algebra. O
Corollary 8.2. The ring F' is subalgebra of F-algebra D. (]
Consider mappings
Re:D— D
Im:D — D
defined by equation
(8.4) Red=d° Imd=d-d° deD d=d'%;

The expression Red is called scalar of element d. The expression Imd is called
vector of element d.
According to (8.4)
F={deD:Red=d}

We will use notation Re D to denote scalar algebra of ring D.

Theorem 8.3. The set

(8.5) ImD ={de€ D:Red=0}
is (Re D)-module which is called vector module of ring D.
(8.6) D=ReD®ImD

Proof. Let ¢, d € Im D. Then ¢y = dy = 0. Therefore,
(c+d)o=co+do=0
If a € Re D, then
(ad)() = ad() =0
Therefore, Im D is (Re D)-module.
Sequence of modules

0 ReD 2 >p-—""1mp—>0
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is exact sequence. According to the definition (8.4) of the mapping Re, following
diagram is commutative

Re D —+= D
%
Re D
According to the statement 2 of the proposition [1]-1I1.3.2,
(8.7) D =id(Re D) & kerRe
According to the definition (8.5)
(8.8) kerRe ={d€ D :Red=0} =ImD
The equation (8.6) follows from the equations (8.7), (8.8). O
According to the theorem 8.3, there is unique defined representation
(8.9) d=Red+1Imd
Definition 8.4. The mapping
(8.10) d* =Red—TImd
is called conjugation in ring provided that this mapping satisfies
(8.11) (cd)* =d* c¢*
The ring D equipped with conjugation is called ring with conjugation. 0

According to the theorem 8.1, the ring with conjugation D is associative (Re D)-
algebra, which we also call algebra with conjugation.

Corollary 8.5.
(8.12) (d)" =d
O

It is evident that there exist rings where condition (8.11) is not fulfilled. To un-

derstand the properties of a ring with conjugation we consider structural constants
of (Re D)-algebra D. The equation

(8.13) Cor = Cho = &
follows from the equation 1d = d1 = d.
Theorem 8.6. The ring D is ring with conjugation if
(8.14) Cia = Cu, Oy = —Ciy
l<k<n 1<l<n 1<p<n

Proof. From equations (8.9), (8.10) it follows that

(cd)*=(Rec Red+ RecImd +Imc Red + Imec Imd)*

=Rec Red —RecImd—Imec Red + (Ime Imd)*

(8.15)
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d*c¢*=(Red —Imd)(Rec— Imc)
= Red Rec—Red Imc—Imd Rec+Imd Ime

(8.16)

Therefore, from the equation (8.11), it follows that
(8.17) (Ime Imd)* =Imd Ime

Let @ be the basis of the (Re D)-algebra D. From the equation (8.17), it follows
that

(CP,crd + CF cFdle,) = O ctd — CF crd'e,

(8.18)
=Cpdid + Crdéde,
l1<k<n 1<l<n 1l<p<n
The equation (8.14) follows from the equation (8.18). O

Corollary 8.7.
er.e. € ReD

We can represent the conjugation using the matrix I
d*=TIod I?= 46y If= 6§ k=0,..n
I}’;n, — 5}1;1, Ik’, — 5]4’,

m m

(8.19)

m=1,...n

Example 8.8. The product in the set of complex numbers C' is commutative.
However, complex field has subfield R. The vector space Im C' has dimension 1 and
the basis €, = i. Accordingly

= —cli

O

Example 8.9. The division ring of quaternions H has subfield R. The vector space
Im H has dimension 3 and the basis

61:i E2Zj E:;:k

Accordingly
d*=d° —d'i—d’j — d°k

9. LINEAR MAPPING OF ALGEBRA WITH CONJUGATION
We can consider the ring D as Dx-module of dimension 1.

Theorem 9.1. Dx-linear mapping of the ring with conjugation D has form

(9.1) fle)=ed deD
Let @ be (Re D)-basis of the ring D. Coordinates of the mapping f
(9-2) fle)y=cfle

relative to the basis € satisfy to the equation
(9.3) fi = fécljci
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(9.4) d=fie

Proof. (Re D)-linear mapping satisfies to equations

(95) flac) = (ac)' fl&; = a"c'CJ, 1,
(9.6) af(c) = ak’(f(c))iCZiEj = ak’clflicgiéj
From equations (9.5), (9.6), it follows that

(9.7) a"Ciufle; = a"d fiCl e

The equation

(98) Cluf! = fiCi;

follows from the equation (9.7).
From the equation (9.8) it follows that®

(9.9) Ciof! = f5€1,
From equations (8.13), (9.9), it follows that
(9.10) 5i.f] = 13Cl,;

The equation (9.3) follows from the equation (9.10).
From equations (9.2), (9.3), it follows that

(9.11) fle) = 10}
The equation (9.4) follows from the equations (9.1), (9.11). O
Definition 9.2. Let D be the ring with conjugation. The mapping
f:D—D
is called Dx-antilinear,” if the mapping f satisfies to the equation
(9.12) f(da) = f(a)d"

O

Theorem 9.3. Dx-antilinear mapping of the ring with conjugation D has form

(9.13) fle)=dc* =dloc deD

Let € be (Re D)-basis of the ring D. Coordinates of the mapping f
(9.14) fle)=dfle

relative to the basis € satisfy to the equation

(9.15) i =f51cy

(9.16) d= fie;

 SLeti=0.

I made the definition 9.2 by analogy with the definition 5.1. This definition also takes into
account the requirements for antilinear homomorphism in the definition 10.2.
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Proof. (Re D)-linear mapping satisfies to equations
(9.17) flac) = ((ac))' 7 = ¢Pa’(Cy,)" fe;
fe)a” = (fe) (@) CLis = () ff o) Clie;
=ILcP fFILa7C) E;

From equations (9.17), (9.18), it follows that

(9.18)

(9.19) cpaq(C;(I)*ngj = I;,cpflkléan,z,iEj
The equation
(9.:20) (Cp)" 1] = LI 1,CL,

follows from the equation (9.19).
From the equation (9.20) it follows that®

(9.21) (Cog)" fI = TS 151
From equations (8.13), (8.19), (9.21), it follows that
(9.22) 5ot =6, ff T,

The equation (9.15) follows from the equation (9.22).
From equations (9.14), (9.15), it follows that

(9.23) fle) = ¢ f31iClizs = f T Cles = fi(¢') e
The equation (9.16) follows from the equations (9.1), (9.23).

Theorem 9.4. If mapping
f:D—D
is Dx-linear mapping, then mapping
g:D—=D g(d)=(f(d)"
is Dx-antilinear mapping.

Proof. The theorem follows from the equation
gled) = (f(cd))” = (cf(d)* = (f(d))" ¢" = g(d) c*
and the definition 9.2.
10. ANTILINEAR HOMOMORPHISM OF Dx-ALGEBRA
In this section D is a ring with conjugation.

Theorem 10.1. Let diagram of representations

fi1,2 fi-2,3

D ——> A; ——> Ay f1.172(d) U= dv
(101) %fl_lﬂ f1.273(5) W — 61 (5, U)
D 61 S E(A%, Al)

8Let p=0.

19
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describe Dx-algebra Ay. Let diagram of representations

D _fii A2 ﬁ*zi A2 f2-1,2(d) :v—>vd
(102) %f2-1,2 f2,2)3(5) W — 62(m7 5)
D 62 (S E(A%, Az)

describe xD-algebra As. Morphism of Dx-algebra Ay into xD-algebra As
T1:D—>D FQ:Al_)AQ

ri(d) = d*
is Dx-antilinear mapping of Dx-algebra Ay into xD-algebra As such that
(10.3) To(@b) = T2(b)72(a)

Proof. According to equation [5]-(4.2.3), morphism (r1,72) of representation fi o
satisfies to the equation

Ta(f11,2(d)(@)) = f2.1,2(r1(d))(T2(a))
Fo(d) = () d*

(10.4)

Therefore, the mapping (r1,T2) is Dx-antilinear mapping.
According to equation [5]-(4.2.3), the morphism (T2,72) of representation fs 3
satisfies to the equation

(10.5) T2(f1.2,3(@2)(@3)) = f2.2,3(T2(a2))(T2(as))

From equations (10.5), (10.1), (10.2), it follows that

(10.6) 72(C1(v,W)) = Co(T2(W),T2(7))

Equation (10.3) follows from equations (10.6), (6.3). O

Definition 10.2. The morphism of representations of Dx-algebra A; into *D-
algebra As is called Dx-antilinear homomorphism of Dx-algebra A; into xD-
algebra A,. O

Theorem 10.3. Let €y be the basis of Dx-algebra Ay. Let €5 be the basis of xD-
algebra As. Then antilinear homomorphism!'° (r1,72) of Dx-algebra Ay into *D-
algebra Ay has presentation'!

b=E9.*r9.*r1(a) = €. 7o.% 71 (a?
(10.7) 24" 12" 11(a) = €251y 11 (a”)
b=r2."r1(a)

relative to selected bases. Here

e a is coordinate matriz of vector @ relative the basis €;.
e b is coordinate matriz of vector

b =T(a)

relative the basis €s.

9Since in diagrams of representations (6.4), (6.5), supports of Qp-algebra and Qz-algebra
coincide, then morphisms of representations on levels 2 and 3. coincide also

10This theorem is similar to the theorem [2]-4.4.3.

HEor complex field, the equation (5.11) is consequence of the equation (10.7).
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e 1y is coordinate matriz of set of vectors (Fa2(€1.;)) relative the basis €.
The matriz ro is called matrix of antilinear homomorphism relative
bases €, and €.

Proof. Vector @ € A; has expansion

a=a".e;
relative to the basis ;. Vector b € Ay has expansion
(10.8) b=22."b

relative to the basis es.
Since (r1,T2) is an antilinear homomorphism, then from (10.4), it follows that

(10.9) b=72(a) = T2(a*s&) = T2(€1). a*

where

(a™)*
Ta(€1.;) is also a vector of xD-module A and has expansion

(10.10) To(f1i) = C2u"rs = ;75

relative to basis e3. Combining (10.9) and (10.10) we get

(10.11) b =%,°r30°a*

(10.7) follows from comparison of (10.8) and (10.11) and theorem [2]-4.3.3. O

Theorem 10.4. Let €y be the basis of Dx-algebra Ay. Let @5 be the basis of xD-
algebra As. There exists relation between the matrixz of antilinear homomorphism
and structural constants

(10.12) (leg)* Tage = T T C2»;)11
Proof. Let
a,be Ay a=a"e1 b=0b"7

From equations (6.2), (6.3), (10.1), it follows that
(10.13) ab=a't/C, ;e
From equations (10.4), (10.13), it follows that
(10.14) Ta(ab) = Ta(er.k) (@'t C1.55)* = T2(@1.k) (Cr1)* (0) (a")*
From the theorem 10.3 and the equation (10.14), it follows that
(10.15) Pa(@b) = a1 o 4 (CL) (0 (1)

From the equation (10.3) and the theorem 10.3, it follows that
(10.16) To(@h) = Ta ()72 (@) = €2 75,7 (b7)* €apy 7.7 (a")*
From equations (6.2), (6.3), (10.2), (10.16), it follows that

(10.17) To(ah) = B2.0 Cy. Ly P (a’) ry d(b7)
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From equations (10.15), (10.17), it follows that
(10.18) €. 7.0, (C1. i) (@) (V)" = B2 Coppgra.} (a") 'y ()

The equation (10.12) follows from the equation (10.18), because vectors of the basis
€ are linear indepensent, and a’, b* (and therefore, r1(a’), r1(b*)) are arbitrary
values. g

11. INVOLUTION OF BANACH D-ALGEBRA

In this section D is a ring with conjugation. We also will assume that there is
structure of Dx-module and *D-module in Abelian group A.'?

Definition 11.1. Let A be a Banach D-algebra. Involution is an antilinear homo-
morphism x — z*, x € A, satisfying

(11.1) =
lo* z|| = |||
r,y€e A

O

Theorem 11.2. Let A be a Banach D-algebra. Let mapping x — z*, x € A, be
involution. Then

(11.2) (zy)" = y'o"
Proof. The equation (11.2) is consequence of the definition 11.1 and the theorem
10.1. (I
Definition 11.3. The basis € is called normal basis, if |[g;|| =1 for any vector €;
of the basis e. O

Without loss of generality, we can assume that the basis € is normal basis. If we
assume that the norm of the vector €; is different from 1, then we can replace this
vector by the vector

€ = —F€
T

Theorem 11.4. Let D be commutative ring. If the mapping

f:A — Ay
is linear mapping, then the mapping

h(z) = f(z")
is antilinear mapping. If the mapping

f:A — Ag
is linear homomorphism, then the mapping

h(z) = f(z")

s antilinear homomorphism.

12Conditions when this requirement is fulfilled, will be discussed in a separate paper. This
condition is evident if D is field. This condition is satisfied according to the theorem [2]-6.3.1 if
D is division ring.
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Proof. According to the theorem 10.1 and the equation (10.4)
(11.3) (da)*=a*d* deD a€cA

If f is linear mapping, then

(11.4) fdz) = df ()
From equations (11.3), (11.4), it follows that
h(zd) = f((zd)*) = f(d" ) = d” f(z") = d" h(z)
If f is linear homomorphism, then from equations (6.6), (11.2), it follows that
h(ab) = f((ab)*) = f(b" a”) = f(b") f(a®) = h(b)h(a)
Therefore, h is antilinear homomorphism. 0
12. C*-ALGEBRA

Definition 12.1. A C*-algebra A is a Banach C-algebra that is endowed with
an involution.'? O
According to the theorem 5.4, involution has form
07 _ 0.7 07 + 1.7 11
(12.1) (@)™ = fo; foi
( )13 _ flj (1] f'OJ 14

relative to the basis €4p .

Theorem 12.2.
0= foi 1ok + fol £3i
0= 187 3~ 13185
Proof. From the equation (12.1) it follows that
(x**)oj: (()Jij( *)Oi+f1.]'(x*)1i
= fol (F0ka + foia™) + fo] (Foia® = foia™)

Ojfg,;ZEOk + fojf&,;$1k + féff&]:xokz f fg,;ll?lk

(12.2)

(123> sk 1 1j 0z 0j 1z
(@) = o-(w) = foil (@)
(fOz Ok f&,zl?lk) (flz Ok fOz 1k)
I+ ™ — 50 +
(12.2) follows from equations (11.1), (12.3). O

Theorem 12.3.
CAC 70f0k’, + CAC 1] 11
0 1 1 0
= ol FoiCac iy = Fol FolCacty = for fol Cacby = Fof o Cac.by

(12.4) 5 "
OAC’ ij fOk OAC’ ij JOk
—fo f((J]?CAC fo f&?CAC o +fgff(}?CAClp(:1+f(}ffgchc

I3 This definition is based on the definition [6]-2.2.1.
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Proof. From the equation (5.11) it follows that
(12.5) fl= 10! + 1ol
From equations (3.17), (12.5), (10.12), it follows that
(Cac i) Fr.= 1] [ Cachg
(12.6) (Caci) + Cuc i) (f65 + ford)
= (fo] + fo] Uoi + Fo)(Cac.iy + Cac.al)
From the equation (12.6) it follows that

k0 £01 k1 11 kO 11 k1 £01);
Cac.ij for + Cac.ij for. + (Cacij for. — Cac.ij for)i

0p (0 1p 01 op 1 1p (0q\ l I
:(fog'7 of'—fof Oiq+(f0;'7 oiq‘|'f0;'7 og)z)(CAc.pqz‘*‘CAC.pqu)

(12.7)
= 107 £0fCac.y = Fol Fol Cacilpy = 1o} foi Cac iy = fo Fof Cacpa
+ (fgff(?fCAc.;}q - f&ff&gCAc-;}q + fgff(}gCAc-é% + f(}ff(?gCAc-é%)i
The equation (12.4) follows from the equation (12.7). O
13. EXAMPLE OF INVOLUTION
Let
1 0 0 1
el = e? =
0 0 0 0
0 0 0 0
el = e3 =
1 0 0 1

be basis € of algebra of 2 x 2 matrices. Matrix

aj  aj
a =
ai a3

has expansion
a= a%e% + a%e% + a%e% + a%e%
relative to the basis €. Structural constants in algebra of matrices have form
pik _ sispsk
¢ el 5153'5!1
The product of matrices ¢ and b has form
pik, gyl i sk gl 1
(ab)h = C1 % T alby, = 6,678, alby, = ajb,
If we represent the matrix a as vector
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then we can represent the matrix of transformation f
1o ik 1
a_j f 'R 10

in the following form

fii fis fid i3
A1 11 12 p12
. fa1 fza fa1 [a3
fir fis 11 il
f31 fis f3% 133
The matrix
1 0 0 0
0010
f:
01 00
0 0 0 1
corresponds to the transposition
11 12
ay az T ay ay
a= —a" =
ai a3 ay a3

Since we do not have analytic representation for transposition operator, then we
use nonstandard format of representation.

(@b = O3 HaT Y (N
100 0\ fal) (1 0 0 0) (]
e T I OO
010 0[fa2]|0o 1 0 0f][#
000 1/ \a3)\0 0 0 1)\t
Deboad) fhetoeh) o freh adbd+ it
I ] I | LI B
PG| T b 011 agby +asb;
pr o) ko) \ped e
10 0 0\ (bl
_ 00 1 0 17116(1’2C
o1 0 of |02k
00 0 1) \b2ab
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If az- are complex numbers, then involution can be represented by antilinear
mapping with matrix

1 oio oio oio 0
0 -1;0 0;0 0,0 O
7000y |0 00 01 00 0
o 0.0 1 0f_ _(_)__O_i_()___O_i_O__—_l_E_O__E)_
01 00 0 0'1 0'0 0'0 O
000 I 0 0,0 =1,0 0,0 0
0 000 00 011 0
0 0!0 0!0 0!0 -1
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1. IIPEANCIIOBUE

ITockonbKy s m3ytvaro MaTeMATHYIECKNN aHaJ 3 B OaHAXOBOI ajredpe, TPYIHO
obofitn BHnManueMm C*-ajredpy, KOTOpas fABJISETCS HHCTPYMEHTOM B KBaHTOBOM
mexaHuke. OQHAKO, IIPEXKIE YeM PACCMOTPETh KOHKPETHDIE PE3y/IbTATHI, MHE HY K-
HO OBLIO IIOHATH CTPYKTYPY JInHEHHOro oToOpazkenust C*-ajredppl. DTO IOCILY KIIIO
MPUYUHON HAMUCATE Ty CTATHIO.

OjiHaKo CymecTBYIOT pa3/IM4uHble ajareOpbl, TJe onpejesaeHo coupsizkenne. lo-
9TOMY $I PEIIII He OTPAHNIUBATE ce0sl [10JIeM KOMILIEKCHBIX duces. Paccmorpenne
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JINHEHHBIX U AHTUJINHEHHBIX OTOOPaYKEeHMT ajareOphl ¢ COMPsizKEHNEeM 0Ka3aJI0Ch OT-
JITYHBIM OT KOHIEIIINI, KOTOPYIO s paccMarpusal B [4]. 3aManuuBo HaiiTu yrBep-
JKJIeHNe, aHAJIOTMYHO TOMY, UTO aJJIMTUBHOE OTOOparKeHNe MOJI KOMILJIEKCHBIX M-
ceJl MOYKHO Pa3JIoKHUTh B CYMMY JIMHEHHOTO M aHTHINHEHHOro oroopakenuit. [1o-
JOOHOE yTBEPXKIEHNE OKA3aJI0Ch Obl MOCTUKOM MEXKy pedyiabraTaMu B [4] u sToii
crarbéit. OHAKO €CTh OCHOBAHUS TI0JIATaTh, 9TO B OOIIEM CJIydae 3TO YTBEPKICHIE
HEBEPHO.

DTO0 03HAYAET, IYTO B OOIIEM CJIydae PACCMOTPEHHE COIPSIZKEHHsT HEJOCTATOTHO
JIJISL TIOJIHOM KJjiaccudpuKalyy JTuHeHHbIX orobparkenuii. OqHako 3ra Kjiaccuduka-
nus BaXKHA JIJIsI TOTO, YTOOBI MTOHATH CTPYKTYPY 3aMKHYTOH nuddepeHInanbHoml
dopmbr B 6GaHAXOBOI ajaredpe.

2. COIJIAIIEHUS

(1) IIycrs A - cBoGomHasi KOHEYHO MepHas anrebpa. Ilpm pasioxkeHun 3ie-
MeHTa anre6psl A OTHOCHTENBHO Gas3nca € MBI MOJIb3YeMCs OJIHON M TOif
JKe KOPHEBO# OYKBOI jijisi 0003HAYEHUsI 3TOIO IJIEMEHTA U €r0 KOOPIMHAT.
Opnako B ajirebpe He IPUHATO KUCIIOJIH30BATH BEKTOPHBIE 00O3HaUeHUs. B
BBLIPAKEHNH a’ He ICHO - 9TO KOMIIOHEHTA, PA3/IOKEeHIS 3JIeMEHTa, @ OTHOCH-
TeJIbHO 6a3Wca WM 9TO Ollepalus BO3Be/EHUs B cTerenb. [y obseryenus
YTEHUs] TEKCTAa MBI OyJIeM HHJEKC 3JIeMEHTa AJIreOpbl BBIIEJISITD IIBETOM.
Hamnpuwmep,

a= aiéi

(2) Ecau cBoGomHast KOHEUHOMEpHAs anrebpa UMeeT eIMHUILY, TO MbI OyieM
OTOXKJIECTBJIATH BEKTOP 0asuca €y ¢ eTuHUIeil ajaredpol.

(3) Xorg anrebpa gBJisiercs CBOOOIHBIM MOJLYJIEM HAJ| HEKOTOPBIM KOJILIIOM, Mbl
HE TOJIb3YEeMCsT BEKTOPHBIMU 0O03HAYEHUSIMY [IPHU 3aIICH 3JIEMEHTOB aJred-
pbl. B Tex ciydasx, Korja g paccMaTpPUBAIO MATPUILY KOOPJIUHAT 3JIEMEHTA,
ayireOphl, 1 Oy/Iy TOJIB30BATHCS BEKTOPHBIME ODO3HAYEHUSIME JIJIsI 3AIUCH
COOTBETCTBYIOIIETO dJIeMEHTa. ITOOBI He BO3HUKAJIA HEOTHOZHATHOCTD IIPU
3aIUCU COIpsizKeHus1, s Oy/1y 0003HAYATH @ IJEMEHT, CONPSIKEHHBIN 31e-
MEHTY d.

(4) Bes comuenusi, y yurare/ig MOryT ObITh BOIIPOCHI, 3aMEUYAHMsl, BO3PAYKEHU.
4 ©yy npusnaresen J000MYy OT3BIBY.

3. C-AJITEBPA

PaccmarpuBaemoe HuzKe MOCTPOEHNE OCHOBAHO HA ITOCTPOEHUU, BBITOJTHEHHOM B
paszesie [3]-5. B aroii crarbe Mbl Gy1eM 0JIb30BATHC 0003HAYCHUSIMU, IPUHATHIMU
B 9TOM pa3zeie.

ITycts C - mose KOMILIEKCHBIX unces. IlycTs ec

(3.1) eco=1 eci1=1

6azuc anareopel C' HaJl 10JIeM JleficTBUTE/IbHBIX ynces R. [IpousBejenue B ajirebpe
C' ompeiesIeHO COTJIACHO TTPABIITY

(3.2) 520.1 = —€c.0
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Corsacuo Teopeme [3]-3.1 cTpyKTypHBIE KOHCTAHTBI 110Jisi KOMILIEKCHBIX duces C'
HaJl IOJIEM JIefICTBUTEIbHBIX Yuces [ mMeroT Bu,

Coly=1 Cob= 1

(3.3)
Coly=1 €9, =—1

Coruacuo onpegnenennto [4]-2.2.1, C-anrebpa A siBistercst C-BEKTOPHBIM IIPO-
crpancrsoM. Ilyers €a¢ - C-6a3uc xoneuno mepnoit C-anredpot A. Ilpoussenenue
B C-ayirebpe A ompejiesieH0 paBeHCTBOM
(3.4) eac-keact = Cac.j@aci
rae Cac. i} - cTpyKTypHble KoHCTaHThl C-ajrebpor A Ha nmojem C.

4 6yny paccmarpuBath C-anrebpy A kak mpsmyio cymmy anrebp C. Kaxkmoe
cjlaraeMoe CyMMBbI s OTOXKJIECTBJISAIO C BeKTOpoM Gazuca €4c . COOTBETCTBEHHO, s
Mory pacemaTpubarh C-anrebpy A Kax anredpy najnoieMm R. ITycTs €4 - 6asuc C-
anreopnl A naj ojgem R. Vnjexc 6a3uca € 4g COCTOUT U3 JIBYX MHJICKCOB: HHJICKCA
cJl08 1 MHJIEKCa BEKTOpa 6as3uca ec B Croe.

¢ 6yjry OTOXKIAECTBAATH BEKTOP Da3uca €4¢.; € eJIUHUIEH B COOTBETCTBYIOMIEM
caoe. Torma

(3.5) €AR-ji = €C.j€AC-i

IIpomsBeieHre BEKTOPOB 0a3nca €4 MMeeT BIT

(3.6) CAR-jiCAR-mlk = €C-jEAC.i€C.-mEACL = Cc-?mEGaOAcfkéAc.b
(3.7) €AR-00 EAR-ki = CAR-ki

(3.8) CAR10CAR1i = —CAR.0i

Tak xkak C' Ac.}{k € C, To pazyioxkenue C Ac.}{k € C' OTHOCHTEJILHO 6a3Hca ¢ UMeeT
BUJL

b be—
(3.9) CAC-i)k = CAc.{,;ec.c
MBI MOKeM IpeJICTaBUTh [Ipeodpa3oBanue f ¢ MOMOIIbI0 MaTPUILBI f,ﬂ
(3.10) e

105 _ £03 0l 0j 11
™ = fola” + fija
g _ £13 o0l 15 11
aV = fila" + fija

Mp1 MoxkeM 1ipejicTaBuTh ¢ € C' B CJIEIYIOIEM BUJIe

(3.11)

(3.12) ¢=c"@ar00 + ¢ €ario
(3.13) ¢ =c"€ar00 — ¢ €ar10
U3 pasenctrs (3.7), (3.8), (3.12), cuemxyer

(3.14) (ca)” = ca" — c'a'’

(3.15) (ca)'" = c"a* + cta"
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Teopema 3.1. Cmpyxmyproie xoncmarmo, C-anzebpor A nad noasem deticmeu-
meavHur wuces R umerom eud

0b b0
OAR'-OiOkz - CAC'ikz

0b b0
CAR'~1i-1k: = _CAC'ik

0b bl
OAR'-Oi-lk: = _OAC'ik

(3.16) Car V2op=—Cacl

b b0
CAR'-Oi-lkz = CAC'ikz

b b0
CAR'-li-Ok: = CAC'ik

1b bl
CAR'~0i-0k: = CAC'ik

-1b bl
CAR'-li-lkz = _OAC'ik

Joxasamenvemeso. Cornacuo pasencrsam  [3]-(5.3), [3]-(5.5), crpykrypHble KOH-
cranThbl ajaredpol A Han nojgeMm R uMeroT BU

-db d b
OAR~.ji.mk = CC-;‘LmOC'acCAC'iIg
(3.17)

- 1
Cac.t=Cacliec.c =Cac.?) + Caclli
U3 pasencts (3.3), (3.17) cuemyer

-0b 0 0 b0 1 0 b1

OAR'-ji~mk = OC~ijC-000AC~ik, + OC~ijC-11OAC~1;k
1 1
= Cc-?mCAc-gg - CC-ijAC':L)k

1b 1 1 b0 0 1 b1

CAR jiimr = Cc- 5, Ce10Caciy + Ce 5, Cc01Cac i

1 b0 0 bl
=Cc.},,Cac.ip +Cc.5,,Cac.iy

(3.18)

U3 pasencts (3.3), (3.18) caenyer
-0b _ 0 b0 1 bl
CAR'-Oi-Ok = CC'OOCAC'ik: - CC'OOCAC'ik:
-0b (0] b0 1 bl
Car-571.= Cc.71Cac.y — Co.11Cac i
-0b (0] b0 1 bl
Car- i1k = Cc.01Cac.iy; — Cc.61Cac i
-0b _ (0] b0 1 bl
Car- 5701 = Cc.i0Cac.iy; — Cc.10Cac i

(3.19)
Car- 50, = Co.b1Cacl) + Co.0,Cac )

1b 1 b0 0 b1
Car1i0x= Cc-10Cac.i; + Ce19Cac ik

b _ 1 b0 0 bl
CAR'-Oi-Okz = CC'OOCAC'ikz + CC'OOCAC'ikz

b _ 1 b0 0 bl
Car. 171 =Cc.11Cac.7; +Cc.71Cac.3);

(3.16) cmemyer u3 pasencrs (3.3), (3.19). O
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U3 pasencrsa (3.16) caexyer, aro

CAR':gg-Ok: = _CAR»:??.lk = CAC bo
(3.20) Cargiar = Carion=—Cacii

OAR':(ljglkz = OAR~:%?,0]C = Cac.ii bo

CAR':(l)?-Ok: = _CAR»:%?.UC = CAC'ik

4. JIMHEMHOE OTOBPAYKEHUE C-AJIPEBPLI
Omnpenenenne 4.1. Orobparkenne C-BeKTOPHBIX IIPOCTPAHCTB
A — Ag
Ha3bIBaCTCA O—JII/IHefIHI)IM, ecJm
(4.1) flca)=cf(a) c€C a€cA
O

Teopema 4.2 (Ypasuenusa Komm-Pumana). Mampuya aunetinozo omobpasicenus
C'-8eKMOPHBLT NPOCMPAHCNE

f : Al — A2
ik _ pik . Jm
Yy =JimZ
yﬁoeﬂemeopﬂem COOTMHOWEHUNO
0j _  p1j
(4 2) -0t 214
' i __ 405
-0t ‘17

Jokasameavemeo. 13 pasercts (3.11), (3.14), (3.15) caemyer

(f(ca))¥ = (?-j(ca)Oi + fO-j(ca)“

(4.3) _fOJ( 0,0t _ (1 “)—i—fog(coa“—i—cla(“)
— ((]11300@ ngllz f0301z f'03101,
(f(ea))? = f5] (ca)®" + fi] (ca)"’
(4.4) = (}f(coam cta'?) +f13(coa“—|—cla01)
13 9q0% fla 1,1i 117300&17 flg 1,04

U3 pasencrs (4.1), (3.11), (3.12), (3.14), (3.15) caenyer
(cf(a)* = °(f(a))” —c'(f(a))*
(4.5) — ( 03 Oz+f03 11)_ ( 13 01,_|_f1] 11)

_COfOJ 01+cof03 17_01f13 0i __ 1flg 14

(cfla)™ = c"(f(a)' +c'(f(a)®
(4,6) —c ( 1.7 Oz+f1.7 11) ( Og 01+f03 17>

1 1 0 0
_COfJ Oz+cOfJ 17+cl JO7+leJ 12
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U3 pasencrs (4.1), (4.3), (4.5) cremyer

( ' ) Ozfo 01 0f07 14 1f17 01 fl 14
=c J (2 c T K2 J T

W3 pasencrs (4.1), (4.4), (4.6) crenyer

13007 13117 13011 13107
(4'8) OZ1 f 1 f 0 f 0
*COfJ Oz_|_COfJ 1z_|_clfj 01,_|_leJ 142

Tak xax ¢, a*° upoussosbHLI, TO paseHcTso (4.2) ciegyer u3 pasencts (4.7),

(4.8). 0

Teopema 4.3. Ilycmv €;c - C-6asuc C-eexmopnozo npocmpancmea A;, i = 1,
2. Ilyemo €;r - coomsemcmeyrowut R-6azuc C-eexmoprnozo npocmpancmea A;.
Mampuya sunetinozo omobpasicenus

f : A1 — A2
umeem 6ud
0j 07 0% 15, .14
Ty = folxi" — T
2 0i L1 0i L1
(4.9) ‘ !

15 07 07,.14
= foi®1" + foi®
ommnocumenvro 6a3ucoé eiR, 52 R U umeem 6ud
J J _ £07 1j .
(4.10) vy =flat =t + foli
OMHOCUMEABIO DA3UCO8 €1C, CaC

Zloxasameavcmeso. Tax kax OTO6pa}K€HI/Ie f siBisiercst R-JinHEHBIM 0TOOparKeHU-
€M, TO OTHOCHUTEJIbHO 0a3UCOB €1R, €2p OTOOparkeHue [ mMeer BUI
03 _ 07 Oz 05,14

fO + f17 )

15 _ 13 07 IJ 1z
Ty + fi;

(4.11)

Pasencrso (4.9) caeayer u3 pasencrs (4.2), (4.11). Pasencrso (4.10) crenyer u3
paseHcTBa (4.9) n cpaBHeHUsI DABEHCTB

0j 17 . 01 1i.\ _ 07 04 17 14 17 07 0_] 12
( 0i +f07',7’)($1 + ") = 01 —Joid1 +( 0i L1 +f 1)i
0j 15 04 0j .07 17 .14
oi “Joi Ty [JoiTr —JoiTa
1j 0j 12 15,.0% OJ 1z
0i 07 Z 0i T+ Jfoi

O

Teopema 4.2 onuceiBaer crpykrypy C-mauneitHoro orobpazxkenust C-aaredopsr A.
OHako cymecrByioT R-nuHelinbie oroopazkenus C-anrebpor A, He spistromuecs: C-
JIMHENHBIMU.
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5. AHTUJIMHENHOE OTOBPAXKEHUE C-AJITEBPHI
Onpenenenune 5.1. Mopdusm C-BeKTOPHBIX ITPOCTPAHCTB
(51) l:zeC—zreC fZA1—>A2
HA3bIBAETCs AHTIIIHHEHBIM 0TOOpasKeHeM. | 0

Teopema 5.2. ITycmv omobpasicernue C-8eKmMopHbIT Npocmparcme

f A — Ao
AGAAEMCA anmuaunednom omobpasiceruem. Tozda
(5.2) flca)=c"f(a) ceC a€A

Jlokasameavemeo. CorsacHO TIOCTPOEHUSIM, BBIIIOJHEHHBIM B paszese [4]-1.5, oro6-
paxenue I sBigerca mopduzmom R-anrebpor C. Pasencrso (5.2) aBigercs ciel-
cTBHEM onpejieseHns [5]-2.2.2, u pasencrsa [5]-(2.2.4). O

Ecmu ¢ € R, T0

f(ca) = cf(a)
Tak Kak ¢ = ¢*. CrieoBarenbno, antuanieiinoe orobpaykenne C-airebpbl A saBiis-
ercsi R-JimHEeHHBIM OTOOPaKEHUEM.
Teopema 5.3 (Vpasuenns Komm-Pumana). Mampuya anmuaunetinozo omobpa-
arcerus C-8eKMOPHLIT NPOCMPAHCNG

f : Al — A2

k _ pik . Jjm
= fim®

YA0BAEMBOPAEM, COOMHOULEHUIO
0j _ 1j
0i — —f 14
0j _ 1j
12 — Joi

(5.3)

Jokasameavemeo. 13 pasercts (3.11), (3.14), (3.15) caemyer
(f(ca))™ = f5! (ca)®" + f1] (ca)"
(5_4) _fOJ( 0,0 _ o1 11)+f0J(CO li 4 elg 01)
_fOJO 0i fOJ 1 17+f030 17+f0J 1,0%
(f(ca))V = fo] (ca)” + fi (ca)"!
(5.5) _flJ( 0,0 _ o1 11)+f1J(CO 1’+cla0’)

1 1 1 1
.7 O 01, f 7 1 1z_|_f17700a11+f11301a01,

L Anasormamoe onpenesienne nano B [7], ¢. 234.


http://www.amazon.com/#section.Russian.1.5
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U3 pasencrs (5.2), (3.11), (3.13), (3.14), (3.15) caenyer
(c* f(a))¥ = c(f(a)* + ' (f(a))"
(56) —¢ ( OJ Oz_|_f03 11) ( 13 Oz+f13 11,)

0 0 1 1
*COfJO7+COfJ 1’L+Cl JOz_|_leJ 1z

(c*f(a) = c(f(a)' —c*(f(a))”
(5.7) —¢ ( 13 07_|_f13 17)_ ( 03 07+f03 11)
_cofly 07+Cof13 1i _ .1 fOJ 0i _ . fOJ 14
U3 pasencrs (5.2), (5.4), (5.6) caemyer

OJOOz OJ1lz 0.7017, OJ1Oz
+ +
55) — I £ iir
_COfOJ 07+cof03 17+C1f13 Oz—i—clflj 14

s pasencrs (5.2), (5.5), (5.7) caemyer

1JOOz f1]112+f1.7011,_|_f1]101

(5.9) 0 13 a0t 1 o0 fli i 05,0 OJ qli

—=c f i f i e f i f i
Takx xax ¢, a*" npomssombubl, To pasencTso (5.3) caemyer u3 pasencts (5.8),
(5.9). O

Teopema 5.4. I[Tycmw €;c - C-6asuc C-eexmoprozo npocmparcemea A;, i = 1,
2. Ilyemo € - coomsememeyrowut R-6asuc C-sexmoprozo npocmpancmea A;.
Mampuua anmusunetinozo omobpasicerus

f : Al — A2
umeem 6uod
05 _ (07, _0i 15,.14
Ty = "+ folx
2 0: 1 0i 11
(5.10) 1Z OZ
— 7,0t _ 7,17
532 = Joi 1 0i L1

OMMHOCUMEABIO DA3UCO8 €1R, Car U UMEEm 6UJ

J o ] i I J _ £0j 15
(5.11) zy=filoxy Toz=2" [ =fy+foit
ommnocumesvro 6a3ucosé €ic, eac

Loxazameavcmeo. Tak xkak orobpaxkenne [ saBisercs R-JnHeRHBIM 0TOOpPAXKEHU-
€M, TO OTHOCHTEJIbHO 0a3UCOB €1R, ap OTOOparKeHue [ MMeer BUJL

0
f .7 07 f ;7:'[;%1
1 1
= fOZ-J:E?Z + f]fx%z

Pagencrso (5.10) caenyer us pasercrs (5.3), (5.12). Pasencrso (5.11) caenyer us
pasencrBa (5.10) n cpaBHeHUsT pABEHCTB

(Fo! + fol ) o (@ + ai'd) = (f5] + fol (@}’ — i)

0j .04 15 17, 15,.0% 0j .14
= foial" + fol w1t + (foi 20" — foil w1")i

(5.12)
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0j 1j 04 07,.0% 15,14
07 03 LT N (s S ol
15 _ (05 14 15,.0i _ £0J 14
0i 0i Ly 0i L1 0i 1

6. MOP®U3M AJITEBPEHI

B srom pasjesre Mbl paccmoTpuM ajrebpy A Haj Kosbinom D. CorsacHo mocTpo-
€HUSIM, BBIIOJIHEHHBIM B paszenax [5]-4.4.2, [5]-4.4.3, nuarpamma npejcraBiieHuii
D-ayrebpbt mMeeT BUT

D —J;cl’; A —fi’; A flﬁg(d) 0= dv

(6.1) %f f2,3(0) : w— C(v, )

D C e L(A%A)
Ha nmarpamme npescrasiennii (6.1), D - koabio, A - abesieBas rpynma. Mer crep-
Ba PACCMATPUBAEM BEPTUKAJILHOE MPEJCTABJICHIE, a 3aTeM TOPU30HTAIbHbIE. Mbl

nosaraeM, uro A - cobomubiit Dx-Mmoayis ([1], ¢. 103). CregoBareabHO, BEKTODBI
6asuca € Dx-Moynst A MuHEHHO He3aBUCUMBL. BunHeitHOe 0TOOpaXKeHme

C:AxA— A
HMeeT CJIeJTyIolIee PasiozKeHne OTHOCUTENIbHO Gasnca €
Vale ik v N e LA
(6.2) C(0,w) = Cjv'w’ey

Cornacno Teopewme [5]-4.4.1, 6umneiinoe orobpaskerne C' MOPOKIAeT TPOU3BEICHHE
B Dx-ajrebpe A

(6.3) C(v,w)=7w
U KOOPJMHATBI OWIHHEeHHOro orobpazkenuss C' OTHOCHUTEILHO GA3MCa € SBIIAI0TCS
CTPYKTYPHBIMU KOHCTAHTAME 9TOTO IIPOU3BEICHUSI.

Teopema 6.1. ITycmov

Dy it 4 T2y fria(d) :T— dT
(6.4) %fl,m fi23®) :w— Cy(v, W)
D, Chre L(AT; 4y)
duazpamma npedcmasaenutl, onucwearowas Dyx-aneebpy Ay. ITyemo
Dy 1222 4, 1228 4, fora(d) :T— dT
(6.5) ,Ff241,2 fa2,3(0) : w— Ca(v, W)

Dy Cy e L(A3; Ag)


http://www.amazon.com/#subsection.Russian.4.4.2
http://www.amazon.com/#subsection.Russian.4.4.3
http://www.amazon.com/#theorem.Russian.4.4.1
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duazpamma npedcmasaeruti, onucviearowas Dox-anzebpy Ag. Mopdusm?® Dix-an-
2ebpvl A1 6 Dox-anzebpy As

’I”11D1—>D2 F21A1—>A2

Aeasemcs Dx-aunetinowm omobpasceruem Dik-anzebpor A1 6 Dox-aneebpy As ma-
KUM, MO

(6.6) 7o(@b) = T2 (@)T2(b)

Jokasameavcmeo. CormacHo pasercTsy [5]-(4.2.3), mopdusm (11, T2) npeacrasie-
HUA f1,2 YIOBIETBODPSET DABEHCTBY

T2(f11,2(d)(@)) = f2.1,2(r1(d))(T2(@))
Ta(d@) = r1(d)T2(a)

CurenoBaresibio, orobpazxkenue (r1,Ts) gaBjsgerca Dx-JuHeRHbIM 0TOOPAKEHUEM.
Cornacuo pasencrsy [5]-(4.2.3), mopdusm (T2, T2) UpeAcTaBaeHUs f2 3 YIOBIIE-
TBODSIET PABEHCTBY"

(6.8) T2(f1.2,3(@2)(@3)) = fo2,3(T2(a2))(T2(a3))
W3 pasencts (6.8), (6.4), (6.5), ciaemyer

(6.9) 72(C1(9,)) = Ca(F2(v), 72(W))
Pasencrso (6.6) caexyer u3z pasencrs (6.9), (6.3). O

(6.7)

Onpenenenune 6.2. Mopdusm npejcrasienuii Dqx-aareopol A1 B Dox-ajaredpy
Ao HasbiBaercs Dx-JIMHEHMHBIM romoMopduamomMm Dix-airebpbl Ay B Dox-aji-
rebpy As. O

Teopema 6.3. Ilycmov €; - basuc Dix-anzebpo, A1. IIycmn o - bazuc Dox-anzebpui
As. Tozda aunetinodi 2omomopdusm’ (r1,72) Dix-aneepvu Ay 6 Dok-anzebpy As
uMeem npedcmasieHue

b=ry (a)**rg**ég =17 (aJ)rg.é €92.;
(6.10)
b=r1(a)*ra
OMMHOCUMENLHO 3a0aHHbLT ba3ucos. 3dect
® a - KOOPOUHAMMAA MAMPUYA 6EKMOPA T 0OMHOCUMEALHO Ba3UCa €1 .
e b - K0OpAUHAMHAA MAMPUUL BEKMOPG
b =T75(a)

OMHOCUMENLHO 0A3UCA €.

2B sameuannn [2]-4.4.5, 51 mokasan, uTO BEIGOP OTOOpParKEHUSI T| IPU H3YyIE€HHUU JIMHEHHBIX
0TOOpaXKeHU MOXKET ObITh OrPAHUYEH OTOOParKEeHUEM

7‘1:D—>D Tl(d):d

Opnako B paszese 10 s paccMaTpuBaio aHTHIMHENRHbIE 0TOOpazkeHnst anreOpsr. ITosTomy s 3ammcan
TEOPEMBI B 9TOM pasJesie TaKuM O6pa3oM, 4TOObI X MOXKHO OBLIO COIOCTABHTL C T€OPEMAaMU B
paszgese 10.

3Tak xax B gmarpamvax mnpeacrasmienmii (6.4), (6.5), HocuTenn (-amre6per u 3-aareGpst
COBIIQJAIOT, TO TAKXKE COBIAJAIOT MOPMHU3MBI IIPEACTABICHU Ha yPOBHAX 2 1 3.

431a reopema anaoruuna teopenme [2]-4.4.3.


http://www.amazon.com/#equation.Russian.4.2.3
http://www.amazon.com/#equation.Russian.4.2.3
http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#theorem.Russian.4.4.5
http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#theorem.Russian.4.4.3
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® 79 - KOOPIUHAMHAA MAMPULA MHodicecmea 6exmopos (Ta(€1.,)) ommocu-
meavHo basuca ez. Mo, 6ydem Ha3vi6aMb MAMPUYY To MATPUIIEH JIMHEH-
HOr0 TOMOMOP@U3MA 0MHOCUMEALHO DA3UCO6 €1 U €2.

Hoxasamesvcmeso. Bekrop @ € Ay umeer pasioxkenne

a = a**él
OTHOCHTEIBHO Gasnca €;. BexTop b € Ay uMeer pasiiozKeHue
(6.11) b=b*,e

OTHOCHTEIHFHO 6a3nca €5.
Tax kax (11, T2) - JuHeiinbIi roMoMopdusM, To Ha ocaoBanuu (6.7) ciaemyer, 4To

(6.12) b=T73(a) = T2(a*se1) = r1(a)*.T2(€1)
e
ri(a")
ri(a) =
r1(a™)

To (El.,;) TakKe BeKTOp Dx-Mojysist Ao 1 uMeeT pasJioxKeHue

(6.13) To(€1.i) = 1o0.:* 48 = 1.7 €,

oTHOCUTENILHO Gaszuca ez. Kombunupys (6.12) u (6.13), Mbl nostydaem

(6.14) b=r1(a)"ra* .82

(6.10) cemyer u3 cpasuenust (6.11) u (6.14) u Teopemsr [2]-4.3.3. O

Teopema 6.4. Ilycmw € - 6asuc Dix-anzebpo, Ai. IIycmo €y - 6asuc Dox-an-
2e0pvr As. Ecau omobpasicenue 11 ABAAEMCA UHBEKUUET, O MAMPUYAL AUHETH020
20MOMOPPUBMA U CPYKMYDHBLE KOHCINAHMBL CEA3AHDBL COOMHOULEHUEM

k ! _,. p. 4g l
(6.15) Tl(cl-ij)TZk =T2;T2 C2qu
Loxasameavcmeso. Ilyctn
a,be Ay a=a"e1 b=0b".7

U3 pasencrs (6.2), (6.3), (6.4), ciemyer

(6.16) ab=a't/C, Fes
W3 pasencts (6.7), (6.16), caexyer
(617) 72(65) =T (C’l.fjaibj)Fg(El.k)

TTockonbKy OoTOOpaXkKenue ri SBJISIETCS TOMOMOPMU3IMOM KOJIEIl, TO U3 PaBEHCTBA
(6.17), caeayer

(618) To (EE) =17 (lej)rl (ai)rl (b7 )72 (El»k)
U3 reopembl 6.3 u paBencrsa (6.18), ciemyer
(619) To (65) =17 (lehJ)T‘l (ai)rl (bj)T‘zé,/ €2.]

U3 pasencrsa (6.6) u reopembr 6.3, ciemyer

(620) T2 (61_7) =T9 (E)FQ (E) =T (CLi)’I”z_g7 EQ.pTl (bJ)T2;I Eg.q


http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#theorem.Russian.4.3.3
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W3 pasencrs (6.2), (6. ) (6.5), (6.20), caeryer

U3 pasencts (6.19), (6 21) cyresryer
(6.22) (L5 (ah )y (b )rg 8o = ri(al)ro Dy (07)ry. S Cy.l Ba

Pasencrso (6.15) cienyer us pasencrsa (6.22), Tak Kak BeKTOpbI 6asuca € JTUHEHO
HesaBUCHMBI, 1 a’, b’ (a ciemoarenbno, r1(a’), 71(b%)) - MPOU3BOIbLHbIC BEJTMINHBL.
(]

7. JIMHENHBIA ABTOMOP®U3M AJITEBPBl KBATEPHMOHOB

Ornpeiesiene KOOpAMHAT JUHEHHOT0 aBTOMOPdu3Ma - 33/1a4a Heripocrasi. B arom
pasjiesie Mbl PACCMOTPUM IIPUMED HETPUBHAJIBHOIO JIMHEHHOIO aBToMOpdu3Ma aJ-
rebpbl KBATEPHUOHOB.

Teopema 7.1. Koopduramo, aunetinozo asmomopphuama arzebpol K6aMEPHUOHOE
YJ0BAEMBOPAIOM CUCTNEME YPAEHEHUT

1_,2.3 3,2 .1 _ .2.3 3,2 ,1_ .23 3,.2
Ty =Talg —Tary Ty =730 — T3y T3 =TTy — 1Ty
(7.1) R Rt I R SR R B PRt

ri =rird —rird r3 =riri —rir] ri=riri —rir}

Jokasamesvemeo. Cornacuo Teopeman [4]-3.3.1, 6.4, nuneiinbiit asroMopdusm aJi-
reOpbl KBATEPHUOHOB YIOBJIETBOPSIET yPABHEHISIM

I _ .p,.a0l I _ ,p.a0l I _ l I _ .p.a0l
ro =1570Ch,  T1=1071C,, Ty = rorzC ry =130,
I _ l I _ l I _ l I _ ,.p 4l
(72) ry=rirgCr, —ro=ririC,, ri=ririC,, ~ —ry=1rriC,,
' I _ 1 I _ 1 I _ 1 I _ 1
Ty = 7"27"00 —rg = 7"27"10 Ty = 7"27"20 Ty = 7"27"30
rh=rirgCL, i =riricl, -l =ririCl, —rl=ririCl,

W3 pasencrsa (7.2) caemyer

1 _ I _ 1 I _ 1 I _ 1
r, = rorlC = r2T3C T‘OTlc = rorlC 7‘27‘30 = —7‘27‘30
1 _ T _ 1 I _ 1 padAl P dol
(73) b =riric, =ririC), ririCl, =ririCL, rEiriCL, = —ririCl,
I _ I _ l I _ 1 I _ _,.p.anl
Ty = r0r3C = r1T2C T‘OT3C = r0r3C 7‘17‘20 =-—rr;C,,
(7.4) r’—rrCl ——rrCl _—T‘TCL _—T‘TCL
. 0 0”0 171 272 373
Ecau [ = 0, To u3 paBencrsa
0 _ 0
Cpq - qu
caejyer
p,.9~0 _ q ~0
(7.5) Tty Cpq =] i Cq

U3 pasencrsa (7.3) miug | = 0 u pasencrsa (7.5), caenyer
(7.6) ) =r)=7r=0


http://www.amazon.com/#theorem.Russian.3.3.1
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Ecim 1 =1, 2,3, 1o paBencrso (7.3) MOXKHO 3alUCATb B BUJIE
rt=rbr?Cly +rirtCl, +rgr?CL, +rbreCl,
ror?Cly +rortCl, +rgrbCL, +rhreCl,
=ror?CL, +rriCly +rgrlCL +rirecl,
i=1,2,3
rt —rkr LCL, +rhr OC'LLO —I—rkrbClb +rhr “C’,l)
(7.7) rkr LCL, +rhr OCLLO +r bC'lb +7r7 -C’ba
=—rriCly —rr)Ch — i Gy, — g Cl,
i=1 k=2 j=3
1=2 k=3 j=1
1=3 k=1 5j=2
O<a<b a#l b#I

U3 pasencts (7.7), (7.6) u paBeHCTB

Ch=Cly=1

(78) ol 10
Cop=—Cla

ciejtyer
rt=rirl + 7‘87‘2’0’ , —roreCl,
rort +rgrbCt, —rhrect,
=rgrl —r§ rbC'l L rhrect,
i=1,2,3
rt —rkrbClb — T‘kTaCl
(7.9) r,‘;r’?C’fl —rkraC'l
=rir bC'l — r,cr“C'l
i=1 k=2 j=3
i=2 k=3 j=1
i=3 k=1 j=2
O<a<b a#l b#I
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U3 pasencrs (7.9) caenyer

(7.10)

t1=3 k=1 j=2
O<a<b a#l b#I

U3 pasencrsa (7.10) cremyer
(7.11) rg =1
U3 pasenctsa (7.4) mus | = 0 cremyer

0 0,.0 1,1 2,2 3.3
To =ToTo —ToTo —ToTo —ToTo

(7.12) =100 4 plpl fr2p2 4 i3
i=1,2,3
U3 pasencrs (7.6), (7.10), (7.12), caemxyer

0=riry +rird +rory
(7.13) L=rlirl +rZrZ +rir?
i=1,23

U3 pasencts (7.13) caemyer”
(7.14) ro=r15=r5=0
W3 pasenctsa (7.4) mas | > 0 crenyer

1"6 —’I"O’I“OC OTOO .+ TOTOC O’I"OC
=—rlp0Cl, —roricl, —resbCl, —rbreci,
(715) 1o 1101
1>0

I>0 0<a<b a#l b#l

SMb1 31ech ommpaemcst Ha TO, 9TO anrebpa KBATEPHHOHOB ONpEeieHa Hasl TOJeM JeHCTEH-
TeJbHBIX duces. Ecau paccMarpuBaTh ajredpy KBaT€PHUOHOB HAJI IIOJIEM KOMILIEKCHBIX THCE]I, TO
ypastenue (7.13) onpezesseT KOHYC B KOMIUIEKCHOM IpocTpaHcTBe. COOTBETCTBEHHO, y HAC IIHPE
BBIOOP KOODAMHAT JIMHEHHOro aBTOMOPdU3MA.
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Pasencrsa (7.15) TOXK/IECTBEHHO BEepHBI B cuity paseHcts (7.6), (7.14), (7.8). U3
paseHcrs (7.14), (7.10), cremyer

r :r,‘;ré?cflb — TzT;"Céb
i=1 k=2 j=3
(7.16) i=2 k=3 j=1
i=3 k=1 j=2
l>0 0<a<b a#l b#l
Pasencrsa (7.1) caexyror u3 paseHcrs (7.16). O

ITpumep 7.2. OueBuiHO, KOOPIMHATHI

i _ si
yaoBaeTBopsitoT ypasHeHuto (7.1). Mbr MozkeM yOeuThCs HETOCPEJICTBEHHON TPO-
BEPKOii, YTO KOOP/MHATHI OTOOPAKEHU ST

1 2

rg=1 ri=1 ri=1 ri=1

TaK¥Ke YJIOBIETBOPSIIOT ypasHeHuo (7.1). Marpuiia KoopAnHaT 3T0ro 0TO6pasKeHust
UMeeT BHJ

1 00
0 0 1 0
r=
0 0 0 1
0 1 0O
Corstacuo Teopeme [4]-3.3.4, craniapTHbe KOMIOHEHTBI OTOOPAYKEHUS I UMEIOT BUJL
TOOZ% 7“11:—% r22_—% T33__i
Tloz_% r01_% r32_—% r23_—%
7«20:_% r31_—% r02:% T13__%
7,30:_% 7“212—% r12:—% 7,03:%

CienoBaTesibHO, OTOOpazKeHue T UMeeT BHUL
r(a) =a” +a%i+a’j+a'k
r(a) = i(a —iai — jaj — kak —ia + ai — kaj — jak
—ja — kai + aj — iak — ka — jai — iaj + ak)


http://www.amazon.com/#theorem.Russian.3.3.4
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8. KOJIbIIO C CONPAYKEHUEM

[IycTs cymecTByeT KOMMYTATHBHOE TTIOAKOJBIO F' Kosbia D Takoe, ato F' # D u
KOJIBIO D sIBJIsieTCst CBOOOTHBIM KOHETHO MEPHBIM MOTyJIeM Hal KoJbioMm F. Ilycth
€ - 6a3uc cBoboHOrO MOy It D Haj Kosbiom F. Mbr O6yiem moJsarats g = 1.

Teopema 8.1. Koavuo D sasasemca F-anzebpoii.

Jloxasamenvcmeo. PaccMoTpum oTobparkeHune

(8.1) f:DxD—=D abeD—abe D

IlockouibKy 1ponsBejienne TUCTPUOYTUBHO 10 OTHOIIEHUIO K CJIOYKEHHIO, TO
fla1 + az,b)= (a1 + a2)b = a1b + azb = f(a1,b) + f(az,b)
f(a, b1 +ba) = a(by + ba) = aby + abz = f(a,b1) + f(a,bs)

Ecmu a € F, To

(8.2)

(8.3) f(ab,c)= (ab)c = a(bc) = af(b,c)
f(b,ac) = blac) = (ba)c = (ab)c = a(bc) = af(b,c)

U3 pasencts (8.2), (8.3), cremyer, aro otobpazkerne [ siByisieTcst OMIMHERHBIM 0TO6-
paxkenueM HaJ[ Kosbriom F. CornacHo onpenenennto [4]-2.2.1, koabiio D siBisiercs
F-anrebpoii. 1

Caencrsue 8.2. Koavuo F' asasemcea nodarzebpoti F-arzebpv. D. (I

Paccvorpum orobparkenust

Re:D — D
Im:D— D

onpe/iesjieHHbIe PaBEHCTBOM

(8.4) Red=d® Imd=d—d° deD d=d,

Bripaxxenne Red maszpiBaercs ckamsgpom ajiemeHTa d. Beipaxkenne Im d nasbi-
BaeTCs BEKTOPOM 3JI€MeHTA d.
Coruacno (8.4)
F={deD:Red=d}

Msgr Oyzem mosib3oBaThes 3anucbio Re D mtst obo3HadeHnst ajaredpbl CKaJIsIPOB
KoJbma D.

Teopema 8.3. Mnooicecmeo
(8.5) ImD ={de€ D:Red=0}

seasemes (Re D)-modyaem, kKomopuili mos 1a3vi6aeM MOLYIb BEKTOPOB KOJIbIA

D.
(8.6) D=ReD®ImD


http://www.amazon.com/#theorem.Russian.2.2.1
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Loxazameavcmeo. Ilycrs ¢, d € Im D. Torna c¢o = dp = 0. CienoBaresibHO,
(c+d)o=co+do=0
Ecmu a € Re D, o
(ad)() = ad() =0
Caenosarensno, Im D spisiercst (Re D)-mogyiem.
[TocsietoBaTeIbHOCTL MO/TYJ e

0 ReD 2D 1mpD——>0

SIBJISIETCsI TOUHO ociiejoBaTesbHocThI0. CortacHo onpeeiienuto (8.4) orobpaske-
nug Re, ciemyromas quarpaMMa KOMMYTaTHBHA

Re D ——= D
1
ReD
Coruacuo yreepxenuto (2) npemnoxkenns [1]-111.3.3,
(8.7) D =id(Re D) & kerRe
Coryacuo oupezesnenuio (8.5)
(8.8) kerRe ={d€ D :Red=0} =ImD
Pagencrso (8.6) caexyer us pasercts (8.7), (8.8). O

CornacHo Teopeme 8.3, OJHO3HAYHO OIPEJIEIEHHO IIPeJICTaBIeHUe
(8.9) d=Red+1Imd
Onpenenenune 8.4. OrobparkeHue
(8.10) d* =Red—TImd

Ha3bIBAETCsI COMPSI2KEHNEM B KOJIbIIE [IPU YCJIOBUU, €CJIA 9TO OTOOPAXKEHHUE YII0-
BJIETBOPSIET PABEHCTBY

(8.11) (cd)* =d* "
Kombo D, B KOTOPOM OIIpEIEIeHO COMPsIzKEHNEe, HA3hIBAETCSI KOJBIIOM C COIPsi-
>KEHUEeM. O

Corytacao Teopeme 8.1, KOJIBIO € colpsizKeHreM [ SIBJISIETCS acCONUATUBHON
(Re D)-anre6poii, KOTOPYIO MBI TakKe OyJieM Ha3blBaTh ajareGpoil ¢ compsike-
HUAEM.

Cunencrsue 8.5.
(8.12) (d) =d
O

OdeBuIHO, CYIIECTBYIOT KOJIbIIA, B KOTOPBIX yciaosue (8.11) ne Boimosaneno. s
TOro, 9TOOBI MOHATH KAKHE CBOWCTBA y KOJIBIA C CONpsiKeHneM [, paccMOTpuM
crpykrypble koncraaTel (Re D)-anrebpor D. Pasencrso

(8.13) C(l)k', = Cllv,() = 5;€

ABJISIETCS CJeCTBUEM paBencTsa ld = dl = d.
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Teopema 8.6. Koavuo D A6AAEMCHA KOADUOM C CONPANCEHUEM, ECAU
(8.14) Ca=Ch Ci=-Cp

I<k<n 1<l<n 1<p<n
okasamensvemeo. 113 pasencrs (8.9), (8.10) caeayer

(cd)*=(Rec Red+ RecImd +Imc Red + Imec Imd)*

(8.15)
=RecRed—RecImd—ImcRed+ (Imc Imd)*

d*c*= (Red — Imd)(Rec —Imc)
= Red Rec—Red Imc—Imd Rec+Imd Ime

(8.16)

CanenosarenbHo, n3 pasencrsa (8.11) ciemyer
(8.17) (ImeImd)* =Imd Ime
[Iycts € - 6asuc (Re D)-anre6psr D. U3 pasencrsa (8.17) cemyer

(Cp,cFd + CF cFd'e, ) = O cid — CF cFd'e,

(8.18)
= Cpdic + Cr dRcle,
l<k<n 1<l<n 1l<p<n
Pasencrso (8.14) cienyer us paseHctsa (8.18). O

Caencrsue 8.7.
ere. € ReD

OrobpazkeHre CONPSIXKEHUsT MOYKHO TIPEJICTABATH ¢ MMOMOIIBIO MATPHUITHT [
d*=TIod 1I)= ¢} Ik = 6§ k=0,..,n

m m

(8.19)

m=1,...n

ITpumep 8.8. Ilpoussesenne B MHOKECTBE KOMILIEKCHBIX Yucel C' KOMMYTaTUBHO.
O1HAKO TI0JIe KOMJIEKCHBIX YUCEJT COAEPKUT mojmnosie R. BekTopHoe mpocTpancTBo
Im C umeer pasmeproctsb 1 u 6asuc €; = i. CoOOTBETCTBEHHO

= —chi

O

ITpumep 8.9. Teno kBarepunonos H coxepzxut noanosie R. BekropHoe mpocrpas-
crBo Im H umeer pasmepHOCTb 3 U Oasuc

61:i E2Zj é:;:k

CooTBercTBeHHO

d*=d" —d"i—d*j — d°k
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9. JINHETHOE OTOBPAYKEHUE AJIPEBPBI C COIIPAYKEHUEM
Mpbr MOXKeM paccMaTpUBaTh KOJIBIO ) KakK Dx-MOyJIb pa3MepHOCTH 1.

Teopema 9.1. Dx-aunetinoe omobpasicernue Koavua ¢ conpascenuem D umeem
6ud

(9.1) fle)=ecd deD

IIyemo € - (Re D)-6asuc xoavya D. Koopdunamo, omobpasicenus f
(9-2) fle)=dfle

OMHOCUMEABHO 6a3UCE € YIOBAEMBOPAIOM PAGEHCTNEY

(9.3) fl = 15C;

(9-4) d= foei

Jokasameavemeo. (Re D)-nuneliHoe 0TOOparkeHNe yI0BJIETBOPSET DABEHCTBAM
(9.5) flac) = (ac)' fle; = d"c'Cj, e,

(96) af(c) = a"(f(c)'CLe; = a"c' £ Ol

U3 pasencts (9.5), (9.6), caexyer

(9.7) a"d i, fle; = a*d fiCle;

Pasencrso

(9.8) Cif! = fiCl;

crienryer u3 paseHctsa (9.7).
U3 pasencrsa (9.8) cremyer’

(9.9) Ciof! = 13CL,;
U3 pasencts (8.13), (9.9), caexyer
(9.10) 5i.f] = 13Cl,;

Pasencrso (9.3) caenyer u3 pasercrsa (9.10).
U3 pasencts (9.2), (9.3) caemyer

(9.11) fle)=cfiClE
Pasencrso (9.4) crenyer u3 pasencrs (9.1), (9.11). O

Onpenenenune 9.2. Ilycrs D - kosbIio ¢ conpsizkenuem. Orobparkenue
f:D—=D

Ha3bIBAETCs Dx-aHTHIMHEHHBIM  ecin OTOOpaskeHne [ y/IOBIETBODSIET DABEH-
CTBY
(9.12) f(da) = f(a)d"
O
STlyers L = 0.

7OnpeneneHI/Ie 9.2 maHO 10 aHAJIOTUH C ONpeneeHneM 5. 1. DTo onpeneseHne TakKe YINTHIBAET
TpeboBaHUus K aHTHUJIMHEHHOMY romomopdusmy B ompegenenun 10.2.
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Teopema 9.3. Dx-anmuaunelitoe omobparicenue Koivua ¢ conpasiceruem D ume-
em eud

(9.13) fle)=dc* =dloc deD

IIyemv € - (Re D)-6asuc xoavya D. Koopdunamo. omobpasicenus f
(9.14) fle)=cfle;

OMHOCUMENbHO ba3UCE € YOOBAELMEOPAIOT PAGEHCMEY

(9.15) fl = f51c;

(9.16) d=fie

Joxazameavcmeo. (Re D)-nmneiinoe orobpakeHue yIoBJAeTBOPIeT PABEHCTBAM

(9-17) flac) = ((ae)")' fle; = cPa®(C,)" fe;

fle)a = (f(e)"(a*)'Cle; = () ff(a*) Ol

(9.18) S
= I\eP fFI2a%C e,

U3 pasencts (9.17), (9.18), caenyer

(9.19) cpaq(C;(I)*ngj = I;,cpflkléan,z,iEj
Pasencrso
(9.20) (Crg) f! = L fI 1,01,

crentyer u3 paserctsa (9.19).
U3 pasencrsa (9.20) cuemyer®

(9.21) (Co) ! = ILfr1C,
W3 pasencts (8.13), (8.19), (9.21), crenyer
(9.22) 5(21f77 = 56flklz§0£n:

Pasencrso (9.15) cienyer u3 pasencrsa (9.22).
U3 pasencts (9.14), (9.15) caemyer
(

(9.23) fle) = f51iCl e = f5 1 Cle = f5(c)'Cle;
Pasencrso (9.16) crenyer usz pasercrs (9.1), (9.23). O

—~~—

Teopema 9.4. Ecau omobpasicerue
f:D—D
asasemes Dx-aunetnvim omobpasicernuem, mo omobpasicerue
g:D—=D g(d)=(f(d)"
asasemes Dx-anmuaunetdnoim omodpascenue.

Joxazameavcmeo. YTBEpKIEHIE TEOPEMBI CJIEIYET U3 PABEHCTBA

gled) = (f(ed))” = (cf(d))" = (f(d))" ¢" = g(d) ¢"

u onpejenenus 9.2. O

8HyCTb p=0.
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10. AHTUJIMHENHBIA TOMOMOP®U3M D*-AJTEBPHI
B sToMm pasgene D - 3TO KOTBIO € COMPIZKEHUEM.

Teopema 10.1. ITycmo

p itz Ay Jrzs Ay fia2(d) :5— dv
(10.1) Ifl.l,z fr23(0) :w— C1(v,0)
£ O e L(A2; A))
duaepamma npedcmasaenutl, onucoisarowas Dx-aszeopy Ai. Hycmo
D Forz Ay f22s Ay fa12(d):v—vd
(10.2) Lare  foos(®) W= Colw,m)
l|) Ca € L(AZ; A9)

duazpamma npedcmasseruti, onucusarowas xD-arzebpy As. Moppusm Dx-anzeb-
poi A1 6 xD-anezebpy As

rm:D—D T9:A; — As

ri(d) = d*

asasemes Dx-anmuaunetinvm omobpasiceruem Dx-anzebpo, Ay 6 xD-anzebpy As
MaKxUM, 4mo

(10.3) To(ab) = To(b)T2(a)

Joxazameavcmeo. Cornacno pasenctsy [5]-(4.2.3), mopdusm (r1,T2) upeacrasiie-
HUS f1,2 YIOBJIETBODSET PABEHCTBY

(10.4) T2(f11,2(d)(@)) = fo1,2(r1(d))(T2(@))
To(da) =To(a) d*

CureioBaresibio, orobpazkenue (11, o) ABIgeTCH Dx-aHTUIMHEHHBIM 0TOOPAZKEHU-
eM.

Coruacro pasenctBy [5]-(4.2.3), mopdusm (Fa,T2) IpeacTaBIeHUsS fo23 yA0OBIIE-
TBODSIET PABEHCTBY"

(10.5) T2(f1.2,3(@2)(@3)) = f2.2,3(T2(a2))(T2(as))

W3 pasencts (10.5), (10.1), (10.2), cremyer

(10.6) 72(C1(v,W)) = Co(T2(W),T2(7))

Pasencrso (10.3) cnenyer usz pasercrs (10.6), (6.3). O

Omnpenenenne 10.2. Mopdusm npejgcrasiennii Dx-agrebpot A1 B xD-anrebpy
Ao HazbiBaercss Dx-aHTUIIMHENHBIM roMmoMopduimomMm Dx-ajirebpbr A1 B *D-
ayredpy As. O

9Tak kax B AHArpaMMax IpeCTaBICHHUil (6.4), (6.5), nocuremn Qz-anredpel u (23-aareGpbt
COBIIAJIAIOT, TO TAKKe COBNAJAIOT MOPQU3MBI IIPEJICTABJICHUN Ha yPOBHAX 2 1 3.


http://www.amazon.com/#equation.Russian.4.2.3
http://www.amazon.com/#equation.Russian.4.2.3
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Teopema 10.3. IIycmo €, - basuc Dx-anzebpo, A1. ITycmos €s - basuc xD-anzebpui
Ay. Tozda anmununetivwt 2omomoppusm™ (r1,72) Dx-areebpv. Ay 6 xD-areebpy
Ay umeem npedcmasaeruet

(10.7) b=22."r9."1r1(a) = 2. 1.5 11 (a)
b = Tg**'r‘l (a)
OMHOCUMENDHO 3a0aAHHIT ba3uco8. 3dect

® a - KOOPOUHAMNHAA MAMPUUA GEKMOPA G OMHOCUMEALHO 6a3UCa €1 .
e b - K0OpIUHAMHAA MAMPUUL BEKMOPG

b=Ts(a)
ommuocumenvho ba3uca €.
® 79 - KOOPIUHAMHAA MAMPUUA MHodicecmea 6exmopos (Ta(€1.,)) ommocu-

meavro basuca ea. Mu, 6ydem HA3LEAMD MAMPUYY Ty MATPUNEH AHTU-
JMHENHOTO roMOoMOpPMU3IMA 0MHOCUMEABHO DA3UCO8 €1 U 3.

Joxazameavcmeo. Bekrop @ € A; umeer pasioxkenue

a = a**él
OTHOCHTENIBHO 6a3mca €1. BekTop b € Ay mMeeT pas/ioKeHne
(10.8) b =@.%b
OTHOCHTEIHLHO 6a3uca €s.

Tak Kak (r1,T2) - aHTHJIMHEHHbIH roMoMopdu3M, To Ha ocHoBanuu (10.4) cie-
JLyeT, 9To

(10.9) b=T72(a) = Ta(a*,e1) = T2(E1). a*

e

(a™)"
To (El.,;) Tak»Ke BEKTOp *xD-Mojysist Ao 1 UMeeT pasJioxKeHue
(10.10) To(Bri) = Bau"ras =€, 1y
oTHOCUTENBHO Gasuca €z. Kombunupyst (10.9) u (10.10), Mbr nosyvaem
(10.11) b = €3,°r20°a*
(10.7) cmenyer u3 cpasuenust (10.8) u (10.11) u Teopemsr [2]-4.3.3. O

. Cb El - oa3uc -anee ‘Dl 1- CMb EQ - oa3uc -aneeo-
Teopema 10.4. IT o Dx opv, Ay, IT o *D 0
poi Ag. Mampuua anmuauneiinozo 20MoMOpHUIMa U CMPYKMYPHBLE KOHCTAHIMbL
CEA3AHDL COOTHOWEHUEM

(10.12) (Cl~li€;j)* 7"2.2 = 7"25 ra.] Cz.;gq

10314 reopenma amaornuna Teopenme [2]-4.4.3.
H st monst kommiexcernnix aucen, pasercrso (5.11) apsercst cnenctsuem pasencrsa (10.7).


http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#theorem.Russian.4.3.3
http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#theorem.Russian.4.4.3
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Lloxasameavcmeo. Ilyctn
E,bEAl a=a*.e; b=0b",E

W3 pasencrs (6.2), (6.3), (10.1), cuaexyer

(10.13) ab=a't’Cy e
W3 pasencts (10.4), (10.13), caeayer
(10.14) To(@h) = Ta(er.1)(a'V C1.5)" = T2(€14)(Cr5;) (V) (a)*
U3 reopembr 10.3 u pasencrsa (10.14), caeayer
(10.15) Pa(@h) = T4 1L (CL ) (@) ()"
U3 pasencrsa (10.3) u reopembr 10.3, caemyer
(10.16) T(@b) = To(b)T2(a) = T2 75,7 (b7)* By 7.7 (a")*
W3 pasencrs (6.2), (6.3), (10.2), (10.16), caexyer
(1017) 72(65) = E2" 02-2)117.2';5(0/1.)*7.2';(bj)*
W3 pasencts (10.15), (10.17), caexyer
(10.18) €21 . (CLE) (@) (b)) = @20 Coppra (') 7y ()

Pasencrso (10.12) ciemyer uz pasencrsa (10.18), rak Kak BeKTOpBI Gazuca €2 Jiu-
HeifHO HezaBHCHUMBL, 1 ', b’ (a caenosarensro, (a”)*, (b*)*) - HpON3BOJIBLHbIE BeJIN-
YUHBI. (]

11. THBOJIIOLIMA BAHAXOBOWM D-AJITEBPHI

B stom pasmene D - 310 KoJbIo ¢ compsizkenneMm. Mbl Oy/ieM Takke 1oJiaraTh,
4To B abeseBoil rpymme A ompeesensl cTpyKTypsl Dx-MoayIst u +D-moys. 2

Omnpepnenenne 11.1. Ilycrs A - 6anaxoBas D-anrebpa. MuBostonust - 970 aHTH-
JIMHEHHLIA romoMopdusMm x — x*, © € A, Takoe, 4To

(11.1) =
lz* z|| = |||
r,y €A

O

Teopema 11.2. ITycmo A - 6anaxosasn D-anzebpa. [lycms omobpasicenue x — x*,
x € A, asasemcs unsoaoyuetd. Toeda

(11.2) (zy)" =y*a”
Jokasamesvemso. Pasencreo (11.2) sBisercst ciepcTsueM onpejenenus 11.1 u
Teopembl 10.1. O

Omnpenenenne 11.3. Basuc € HasblBaeTcst HODMUPOBAHHBIM 6azucoM, ecan ||€; || =
1 mys mroboro BekTOpa €; O6as3uca €. (I

12ycnosus, xorma mannoe TpeGOBAHUE BBIIOIHEHO, GyIyT PACCMOTPEHHEI B OTAEIBHOM CTATHE.
Ecau D - nmose, To 310 ycaoBue odeBugHO. Ecin D - Teso, TO 5TO yCJIOBUE BBIIOJHEHO COITIACHO
Teopeme [2]-6.3.1.


http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#theorem.Russian.6.3.1
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He napymas obIIHOCTH, MBI MOKEM HOJIOZKUTD, 9TO Oa3UC € HopMHUpOBaH. Ecim
MIPENOJIOKUTD, 9TO HOPMa BEKTOPA €; OTIMIHA OT 1, TO MBI MOYKEM 3TOT BEKTOD
3aMEHUTb BEKTOPOM

IV
€; = Hei

Teopema 11.4. Ilycmv D - xommymamusroe xorvyo. Ecau omobpasicenue
fiA — A

ACAACTNCA ./L’LLHEﬁHbLM, mo 0mo6pa9fcenue

h(z) = f(z7)
ABAACCA aHmusuHedHbM. Eeau 0m06pa9fceHue
f : Al — A2

ABAAEMCA NUHETHDIM ZOMOMOP¢U3MOM, mo 0m06pa9fcenue

h(z) = f(z7)
ABAALMCA GHMUAUHETHDIM 20MOMOPPUIMOM.
Joxazamenvcmeo. Cornacuo reopeme 10.1 u pasencrsy (10.4)
(11.3) (da)*=a*d* deD a€cA
Eciu f - yinneitnoe oTobpazkeHue, TO
(11.4) fldz) = df (x)
W3 pasencts (11.3), (11.4), caeayer
h(zd) = f((zd)*) = f(d"2) = d” f(z") = d" h(z)
Ecmu f - nuneitnpiii romomopdusm, o u3 pasencrs (6.6), (11.2), caemyer
h(ab) = f((ab)*) = f(b" a*) = f(b") f(a®) = h(b)h(a)
CienoBaresibHO, I sIBJIsSIeTCS aHTUIMHEHBIM FOMOMOPMU3MOM. 0
12. C*-AJITEBPA

Omnpenenenne 12.1. C*-anrebpa A - a1o 6anaxosas C-ajaredbpa, B KOTOPOii orpe-
JleJIeHa HHBOJTIOHS. [l

CorsacHo Teopeme 5.4, MHBOJIIOIMS UMEET BHU/L
*\05 _ £07 0% 15,14
(@)% = foi 2 + foiz

(gc*)lj _ fgijxoi _ (())ljxu

(12.1)

OTHOCHUTETHHO 6A3WCa EAR -
Teopema 12.2.

J _ £0J 04 15 14
oy, = foi for + foi for

(122)
0= f0i 0k — fm‘ Ok

13310 olpesiesIeHNe CEIaH0 Ha OCHOBe onpezesnenus [6]-2.2.1.
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Joxasamenvcmeo. 13 pasencrsa (12.1) cienyer
(x**)OJ 8;7( *)Oz+f1](x*)17,
_ 0i .0k 1i .1k 1i 7Ok 0i 1k
= '(fok + forz'"™) + f ( — for )

0 1j
_fO f(()]]z 0k‘|‘f03f17' 1k—|—f 11, Ok fO 07, 1k:

(12.3) o) 1 1j 0i 0j 1i
(@) J:f0~(x )7 = fol (@)
ol 51" + Jaia™) = ol (faa™ = ™)
=f& 8;1$0k+f0 5,11;114 flz Ok_|_f0 glzzlk

(12.2) cnenyer u3 pasencrs (11.1), (12.3).
Teopema 12.3.

Cuc. 5y ok + Caci for
:fOJ qCAC f folquAC f folquAC f f(())quAC

(12.4)
Cac. zOfOk: Cac.i} ij ok
= foffoqCAc féff&qCAc ba T fgff(}quAC by + féffgchc
Jlokasameavcmeo. 13 pasencrsa (5.11) caexyer
(12.5) 1= fol + foli
W3 pasencts (3.17), (12.5), (10.12), cremyer
(Cac.i)* f fpquACpq
(12.6) (CAC i T CAC i) (o + fori)
( )( I+ fol ) C ooy + Cacbgt)
U3 pasencrra (12.6) ciemyer
Cac i [k + Cac i for + (Cac i for. = Cac i 1)

(12.7) = (fo foi = fo] fo (f 7 fof +fpf ))(CAc o T Cacpa)

—fo PfolCacly, fo PhiCac Y, fo P folCac sy fo PIoiCac Y,
+(fo] Foi Caciby = fol Fol Cacoq + Joi Fol Cacloy + fo] Foi Cac )i

Pasencrso (12.4) ciaenyer u3 pasencrsa (12.7).

13. TIPUMEP MHBOJIIOLINU

IIyctn
10 0 1
el = e =
0 0 0 0
0 0 0 0
el — el =
1 0 0 1
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6asuc € aarebpol 2 X 2 Marpui. Marpuia

1 1
ay ap

a =
2 2
aiy az

AMEET Pa3JI0zKeHne
1,1 1.2 2,1 2,2
a = aje; + ase] +ajes + aszes

oTHOCUTENBHO Gasuca €. CTPyKTypHbIE KOHCTAHTBI B aJrebpe MaTPUIL IMEIOT BH/

Crik =gtk

qj°l
[Ipoussenenne maTpur a u b IMeeT BUJL
p_,vpik, Jpl _ sispsk dpl Pl
(ab)f = C'1.5. 1 ajby, = 6,076,alby, = aj'b,
Ecam MBI MATpHIy @ IpeicTaBUM B BUJIE BEKTOPA

TO MaTpuIly npeobpasoBanue f

MO2KHO IIPe/ICTaBUTh B CJIEJIYIOIIEM BUJE

fir fia fid i3
11 11l p12 0 12
f= fa1 fza fa1 [a3
21 21 22 p22
fi1 fia f11 fiz
21 21 22 p22
fa1 fz2 21 [323
IIpeobpazoBanuio TPAHCIIOHUPOBAHUST
o1 12
ay az T ay a
a = —a =
ai a3 ay a3
COOTBETCTBYET MATPUIA
1 0 0 0
0010
f =
01 0 0
0 0 0 1
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Tak Kak MbI He IMeeM aHAJUTUIECKO 3aIICH JIJIsT OIlepaTopa TPAHCIIOHIPOBAHUSI,
TO MBI BOCIIOJIB3YEMCsI HECTAHIAPTHBIM (POPMATOM 3AIIUCH.

(13.1)

(aTbT)p = Cnt b (aT) (07}
1 00 0\ fal\ (1 0 0 0) [b]
_ 001 0ffab|[|0 O 1 0]]b3
= 56" 5k 2 ’
S lo1 0 offaff0 1 0 0]}
000 1/\a3)\0 0 0 1/ \b3
Diboat) (el g1 arbi+aiby
g |1 [ [Reb | |t ataing
774 i
RERRCY B PRGN N PR RGO
IRV B VA VAL BRUC G U
1.0 0 0\ [brah
0 0 1 0f][biah
0 1 0 0f[bfa}
0 0 0 1) \biah
= ((ba)7)y

Ecim @ - KoMIIeKCHbIe 1ucia, TO MHBOJIOIIIO MOZKHO IIPE/ICTABUTH AHTHIIMHEH-
HBIM OTODOPa’KEHUEM C MaTPHIEi

[
2]

3]

4]

1 oio oio oio 0
0 -1/0 0;0 0,0 O
rooo0y [0 olo ol1 ol0 o
oo ol 0010 010 ~110 0
01 00 0 0'L 0'0 0'0 0
000 I 0O 0,0 -1,0 0,0 ©
0 0,0 010 01 0
0 o!o o!o o!o ~1
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